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Abstract

In this paper, we introduce and investigate transforms mapping the space of continu-
ous signals into the space of discrete signals. These transforms map the derivative
of an arbitrary order into the forward, the backward, and the average difference.
The introduced transforms permit to derive discrete modells for continuous time
systems described by differential equations. Since a transform mapping the derivat-
ives into the average differences is provided, modeling of continuous time systems by
computing anticipatory systems is included. Application of introduced transforms is
illustrated by deriving the discrete modells for harmonic oscillators.

Keywords: Anticipatory systems, Forward differences, Backward differences, Av-
erage differences, Harmonic oscillators.

1 Introduction

Mathematical modells of many dynamic systems are given in the form of differen-
tial equations. Numerical simulation on computer of such systems is only possible
through a discrete model of these equations.

Such discretization assumes that functions are replaced by sequences. In this
case, the derivative is replaced by a difference, that may be

1. Forward difference

Afn=fn+1 _fn7 (1)
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2. Backward difference
vf'n = fn = fn—h (2)

3. Average difference
1
6fn - E(fn-{-l . fn—l)' (3)

A slight generalization of these differences is achieved through the following
operators

N YV Ay )
Vhfn = ;l;(fn—fn-h)a
Sufa = pUfash = Fact),

with & € @, Q-the field of rational numbers.

If h is replaced by —h, the forward difference becomes the backward difference,
and conversely, the backward difference becomes the forward difference, while the
average difference is time reverse. Successive application of the forward difference to
the backward difference, or the opposite, produces the second order difference

1
AwVifa = Vrlrfo = 83 fn = gz foth = 2fn + fa-n),

which is also reverse to the replacement of A by —h, and vice versa.

Numerical simulations on computer of systems described by differential equa-
tions is only possible from a discrete model of these equations. Classically, discrete
models of dynamic systems are defined in a recursive way as

Tny1 = f(na Tn-1, $ml7),

where z, is the state variable of the system, n is the time, and p is a parameter.
Therefore, the future state of the variable z at the time n + 1 is a function f of this
variable at the past and/or present time.

Discretization of differential equation systems causes sometimes numerical in-
stabilities. It is shown by Dubois (1998a), that this instability can be controlled by
defining incursive discretization, which is an extension of the recursion as defined by
Dubois (1995), Dubois (1998b). An incursive system computes the future state of
the variable « as a function f of this variable at the past and/or present time, but
also at the future time. This defines a self-referential system which is an anticipatory
system of itself.
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By using that property, the average difference is expressed in terms of the for-
ward and backward differences as

nfa = 5(Bn ~ V).

Dubois (1998) introduced a generalized difference d), f,, defined as the weighted sum
of forward and backward derivatives,

difa = (wBh+ (1= 0) Vi = plwarn + (1= 20)fo + (0= Dfacs), (@

where the weight w is defined in the interval [0, 1].

This definition includes the forward, the backward, and the average difference
for w =1, w =0, and w = 1/2, respectively.

In this paper, we define some transforms which map the space of continuous-
time signals into the space of discrete-time signals. By using these transforms, the
derivative of an arbitrary order is mapped into the forward, the backward, and the
average difference, respectively. These transforms map the integral, which is the
inverse operator for the derivative, into a sum that is the inverse operator of the cor-
responding difference. The continuous-time convolution is mapped into the discrete
convolution, which permits the use of the introduced transforms in systems theory.
We briefly investigate some of the basic properties of the introduced transforms and
define their inverse transforms.

2 Transforms Mapping Derivatives into Forward Dif-
ferences

Let C°(R) be the set of real functions having continuous derivatives of all orders.

Denote by Sy C C*°(R) the set of functions such that f € S iff there exist constants

a, M > 0, such that If(k)(0)| < aM* for each k € Ny. Denote by ¢*(R) the space

of real sequences (f,,), and by S, the set of real sequences (f,), such that (f,) € S,

iff there exist constants B, N > 0 such that IA" f[)l < BN* for each k € Ny, where A
is the forward difference (1).

Definition 1 The transform Vg : Sy — Sn of a function f(t) is the sequence (f,)
determined by

Vel = () = (e lea) . Mo )

Thus, f € Sy is mapped into the sequence whose elements are determined as

f=Y ( . ) £%(0).

k=0
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Table 1 shows some functions and their Vg-transforms. Basic properties of V-
transform are given in the following theorem.

Theorem 1 If Vrf = (fa), then

L. Vr(f®(1)) = (A*fa),

2. Vr ([ f(2)dz) = (Thet ),

3. Vr(z*fR(t)) = (nMAkf ),
where n®) = n(n —1)---(n —k+ 1).

The Vi '-transform inverse for the Vp-transform is defined as follows.

Definition 2 The transform Vi' : S, — Sy a sequence (f,) is the function f(t)
5. B,

Vil () = f() = 3 =t

k=0

Thus,
+00
t)=etY TEik,
fy=et 3 B
For two sequences (fn), (gn) € Sn, the convolution is defined by
faxga =33 (-1)"! ( Tzn ) ( . ) figi-j. (6)
1=0 j:O ]

For thus defined convolution, the following theorem can be proved in a way
similar to that used in (Stankovic, 1982).

Theorem 2 Let (fn),(gn) € Sy. Then, for an operator *,
Vi (fax gn) = Vi (fa) Vi (9n) (7)
iff x ts defined by (6).
Let Vg f = (fn), and Vrg = (g,.). Then, by (5) and (7),
Ve(f()g(8)) = (fa * gn)-

In a similar way, we define a transform mapping the derivative into the difference

Ap. This transform maps f € Sy into the sequence whose elements are determined
as

= (") o
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Table 1: Vg-transform

f(t) fn=VFf(t)

g n™ =pn-1)n-2)---(n—m+1)
eat (1 + a)n

sinat | (1 + a?)"?sin(rarctg(a))

cosat | (1 + a?)*? cos(narctg(a))

n!

1=t

3 Transforms Mapping Derivatives into Backward
Differences

Let Bj be the set of real-valued functions f(t) defined on the interval (0, 00) for
which

+o0
[ et < +oo,

and B, the set of sequences with the property that
+0o0
Z |AF2" £, |nmo | < +o00.
k=0

Definition 3 The transform Vg : By — B, of a function f(t) is the sequence (fy,)
defined by

el Y= (i / et (ndt), ne No

n!
If f is restricted to the set Sy, then
4
+k
Ve =(f) =3 ( B ) 7%(0).
k=0

The sequence (f,) assigned to f € By by the Vp-transform is related to the

coefficients a,, of the series representation of f(t) in terms of the orthogonal set of
Laguerre functions [, (t) where

1.(t) = V2(=1)"e 'L (2t)},
and L,(t) is the Laguerre polynomial

La(t) = +f(—1)’= ( Z ) 2—’;

=0
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The sequence

+o0
an= [ LSt

is called the Laguerre transform of f(t), (Keilson and Nunn, 1997).
It was shown in (Stankovi¢, 1982), that elements of these sequences are related
as follows

I

an (=" Z( 2)"( )

k=0

2"( )

v, = P ak
2+lkz=;) k

Table 2 shows some functions and their Vg-transforms. Basic properties of the
Vg-transform are given in the following theorem.

Theorem 3 If Vgf = (f.),Veg = (gn), then
1. Vs (FH) = (ka» (-1)% ( Yy ) f""(O)),
2. Vo (f§ f(e)dz) = (Tio £i),

3. Ve (fa f(1)g(t — 7)dr) = (Tig fign-i)-

A transform inverse for the Vg-transform is defined as by using its relation to
the Laguerre functions.

Definition 4 The transform V5! : B, — B; of a sequence (f,) is the function f(t)
determined by

Ve'(fa) = f(t) = V2 ZZ( )2‘A‘fglk(t).

k=0 i=0

In a similar way, we define a transform which maps the derivative into the differ-

ence Vj. This transform maps f into the sequence whose elements are determined
by

1

fa= Fﬁ+—1) /0 et f(t)dt.
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Table 2: Vg-transform

f(t) | fn=VBf(t)

1 n(m)=n(n+1)--(n+m-1)
eat (1_al n+1

sinat | (14 a?)~™)/2sin((n + 1))arctg(a)
cosat | (14 a?)~("+1/2 cos((n + 1))arctg(a)

Int | ¥(n+1), ¥(n+1)= ot

4 Transforms Mapping Derivatives into Average Dif-
ferences

Let f € Sy. Denote by D, the set of real sequences (f,) such that (f,) € D, iff
there exist constants 8, N > 0 such that ‘6"f0| < BN* for each k € Ny, where § is
the average difference (3).

Definition 5 The transform V4 : Sy — D, of a function f(t) is the sequence (f,)
determined by

[n/2) o dn—Zk
Vaf = (fa) = (Z ( k . ) Wf(w) Iz‘:O) ;
k=0

where [q] denotes the greatest integer of q. Thus, f is mapped into the sequence
whose elements are determined by

[n/2]
§ o Z ( n ;C- k )f(n-wc)(o)_
k=0

Table 3 shows some functions and their V4-transforms. Basic properties of V4
transform are given in the following theorem.

Theorem 4 If Vaf = (f,), then
1. Va(f¥(t) = (6" fn),
2. Va(Jo f(z)dz) = (Lo fr-2k-1)-
A transform inverse for the Vj-transform is defined as follows.

Definition 6 The transform V' : D, — S; of a sequence (f,) is the function f(t)
determined by

n 6k G
Vi) = ft) = 3o S

k=0
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Table 3: Vj4-transform

" el (n+ 3 —Fk)
ent Fn(a)

. 2 . a
sin at v sm(na.rctg%;ﬂa-)
cosat | —==x cos(narctg =)

In Table 3, F,.(a) is the Fibonacci polynomial defined by the recursive relation,
(Ricci, 1995)

Fn+l(a) - aFn(a) + F —l(a)1

with F_;(a) = Fi(a) = 1.

Derivation of a transform mapping the derivative into the average difference 6y, f,,
requires the use of fractional derivatives. In that order, it is necessary to develop first
many related methods used in formulation of the V4 for ¢ f,, which is quite beyond
the scope of this paper.

5 Discretization of Harmonic Oscillator

Differential equation of the linear harmonic oscillator

d*z
T ualt) =0, (8)
can be written as
de(t)
- = v(t), (9)
dv(t) _ 3
r il o z(t), (10)

in defining by z(t) the position and v(t) the velocity of a particle in a linear harmonic
potential, where ¢ is the time and w the position. The analytical solution of this
system is

z(t) = z(0)sin(wt + ¢), (11)
v(t) = wz(0)cos(wt + ¢), (12)
which is given by oscillations of the period T' = 27 /w, the amplitude of which being

determined by the initial position and velocity z(0) and v(0) at the time ¢t = 0. This
system shows an orbital stability.
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The Vg-transform maps the differential equations (8) into the following system
of difference equations in terms of the forward difference

Az, +’z~n=0, (13)

which can be written as
Tott = n+ U, (14)
Upp1 = Up— W, (15)

From Table 1, application of Vp-transform to the solutions (11) and (12) of the
linear harmonic oscillator (8), produces solutions of (13)

z, = zo(l+ w?)sin(nasctg(w + ¢)),

v, wo(1 4+ w?)™? cos(narctg(w + ¢)),

where zg is the initial condition.

This is a recursive discretization of the linear harmonic oscillator. With such dis-
cretization, the harmonic oscillator shows no more the orbital stability. The derived
recursive system is unstable in presence of oscillations with growing amplitudes.

Similar, Vp-transforms maps the differential equation (8) into the difference
equation in terms of the backward difference

Viz, +wiz, =0, (16)
which can be written as

Tp = ZTp-1+ Un, (17)

Up = Up_1— Wiy, (18)
ie.,

Tpp1 = Ty + Unya, (19)

Un4l = Up —WTpyi. (20)

From Table 2, application of Va-transform to (11) and (12) produces solutions
of the system (19) and (20)

zn = zo(l+w?) ™ 25in((n + 1)arctg(w + ¢)),
wo(1 + w?)~ /2 cos((n + 1)arctg(w + ¢)).

il

Un

This is a recursive discretization of the harmonic oscillator with the knowledge
of the previous elements of the sequence in calculation of the n-th element of the
sequence. In this discretization, the value of the proposition z,4; is propagated to
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the equation of the velocity (see (20)). As is noted in Dubois (1998a), this is called an
incursive system, since the value of the velocity at the future time step v,4+; depends
on the future value of the position z,4;. Thus, this is an inclusive recursion denoted
as the incursion (Dubois, 1998b). Such model of the harmonic oscillator expresses
the orbital stability.

The V-transform maps the differential equation (8) into the difference equation
in terms of the average difference

8%z, +wiz, =0, (21)
which can be written as

Tpp1 = Tp+ Unja, (22)

Vpp1 = Up — Wi, (23)

From Table 3, application of V4-transform to (11) and (12) produces solutions
of (21)

o s'n( arct e +¢
—————5in | narctg ——— ,
V4 — w? g\/4—w2
2&)1‘0

w
v, = ﬁ cos (na.rct;g-—ﬂ—__—_wi + 45) i

This is an incursive discretization of the linear harmonic oscillator. This model
expresses an orbital stability for w € (=2, 2).

Tn

6 Conclusion

Transform discussed in this paper, map the derivative of an arbitrary order into the
forward, the backward, and the average differences of the same order. That permits
to derive discrete modells for continuous time systems in terms of the corresponding
differences which enables simulation on computers.

Further investigations should be devoted to the application of fractional derivat-
ives in definition of transforms for derivation of discrete models for continuous time
systems. That should permit definition of differences with fractional shift as well
as a study of the influence of the fractional shift to the stability of discrete modells.
These results may be useful in analysis of systems with delay.
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