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Abstract

This paper shows that non-locality property occurs in simple diffusion neural equation:
space local incursive discrete equation system transforms to a space non-local recursive
equation system. The cable equation used for modelling the potential in neural
membrane is similar to the Schrodinger quantum equation with a complex diffusion
coefficient.
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1 Introduction

In a recent paper, a differential equation of membrane neural potential was used as a
model of a brain, the incursive computation of which giving rise to non-locality effects
(Dubois, 1999). The model that will be considered in this paper is a very simple model
of a neural system. This model will not present threshold effects of neurons, as in the
visual system. For other neurons with threshold, this model would represent space-time
fluctuations around steady states of potential, that is sub-threshold behaviour.

The one dimension cable equation which is classically considered for describing
membrane neural potential (action potential along axons and dendrites)

BV(x,t)/t = a V(x,t) + D &*V(x,t)/ox* t))

where V(x,t) is a potential depending on space x and time t. For a passive cable, the
parameters D > 0 and a < 0 are constants. For axons and dendrites, a V(x.t) is replaced
by a non-linear function F[V(x,t)] of ions exchanges in membranes. The cable equation
is a parabolic equation similar to a reaction-diffusion equation.

In this section, I would like to demonstrate the basic mechanics of non-locality from
anticipation from an incursive discrete parabolic equation. For this purpose, I will
consider the following simplest model of parabolic equation

AV(x,t)/0t = D & V(x,t)/ox* (1a)
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To compute numerically such an eq. 1a, a discretization may be made in using either
the forward time derivative

OV(x,p)/et ~ [V(x,t+At) — V(x,))/At (2a)
either the backward time derivative
OV(x,1)/ot = [V(x,t) — V(X,t-A)J/At : (2b)

The backward equation tends to the forward equation when At is small (all the powers
of (At)’, (At)’, ... become negligible for continuous derivable functions). Both
descriptions tend to the differential equation when At tends to zero: At — 0.

The forward potential discrete equation is then given by the following recursive discrete
equation, in considering the forward time discrete derivative 2a,

V(x,t+At) = V(x,t) + At D [VE+AX 2. V(X H+HV(E-AX YA Ga)
The potential V(xt+At), at node x and time step t+At, is a function of V(x,t), at the
preceding time t, and of V(x  Ax,t), at the preceding time t at the two adjacent nodes x
+ Ax. This is a recursive spatially local discrete system: the potential V does not depend
of potentials at high distance.

The backward potential discrete equation is then given by the following incursive,
implicit, discrete equation, in considering the backward time discrete derivative 2b,

V(AL = V(1) + At D [V(x+Ax t+ A2 V(X HADHV(x— Ax,t+ ADYAX®  (3b)

The potential V(x,t+At), at node x and time step t+At, is a function of V(x,t), at the
preceding time t, and of V(x,t+At), V(x £ Ax,t+At), at the time t+At, at the node x and at
the two adjacent nodes x + Ax. This is a incursive spatially local discrete system: the
potential V does not depend of potentials at high distance, but depends on the potentials
at future time. This incursive discrete description of the potential equation shows many
similarities with the flip-flop hyperincursive memory (see Dubois, 1999).

Let us show now that non-locality emerges from the implicit nature of the discrete
incursive equation 3b.

2 Non-Locality in Incursive Space-Time Discrete Parabolic Equations

In defining the dimensionless diffusion d = (AAx*) D, and in taking the time variable
in At unit and the space variable in Ax unit, eq. 3b is written as follows:

[142.d]. V(Lt+D=d.[V(O,t+ D+ V2,t+1)] =V(1,1)
[142.d].VC,t+Dd.[V(Lt+D+VE t+1)] = V2,0

[142.d].VG,t+1D-d. [V t+D+V(E,t+1)] = VG.H)

[142.d]. VN, t+1)—d. [VIN-1,t+1)+V(N+1,t+1)]= VN, £) @)
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which can be described in the following matrix form

A V(x,t+1) = V(x,1) (4a)
In inverting the matrix A, we obtain a recursive system
Vx,t+1) = A7 V(xt) (4b)

2.1 Non-locality with Periodic Boundary Conditions

In taking periodic boundary conditions V(0,t+1)=V(N,t+1) and V(N+1,t+1)=V(1,t+1),
the system defines itself the values of its boundaries.
The following table gives the matrix A(N,N) and its inverse A”'(N,N), for N = 3, 4, 5.

TABLE 1: Matrices A and A for N =3, 4, 5.

AG3) A'G3)
(I+2d -4 -d R A I
SR G e | 143d  1+3d  1.3d
' ﬁ R LT - (-
el -d  1.2d) | 143d  1+3d 1434 |
N T U
| 143d  1+43d  1+3d /
A(44) A"'44)
(I+2d -d [o] -d ) ( 1+4ce2d o 2 g X
g e Ld 0 ; 14682 1+4d 146048 1+4d ‘
| 0 —Alte Ts2d =d | [ed | Tddedk | d L2
V3 0 td 1+24d) | 144 168 1+4d L6k |
|2 d Ldd2d? d |
| L8P 1+4d 168  Ldd |
! d 22 d a2 |
| T4d  16d8F  14d 168 )
A(55) A'(55)
(1+2d -d 0 0 -d ) . * £ )
E -d 1494 e 0 0 1+5a+5d- 1‘5{5} 1«5«3:5;12 :‘
; 0 -d 1+2d -d 0 TEatE  Thaid \
L 50 0 -d  1+2d -d' | a1 L
\ -d 0 0 -d 1+24d) noasd BT |
1~3d~d'—" di{l-ad |
1+5h5d2  1+5d+5ad2 |
dilvd _ 1+43de }
1+5a¢5de 1+5ad+5 32

The remarkable property of the inverse matrices A" is the fact that all their elements
are non null, at the contrary to the matrices A.

This means that the space local incursive system transform to a space non-local system:
the potential at any point depends of all the potentials at all distances.

The following table gives these matrices ford = 1.
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TABLE 2: Matrices A and A for N=3,4, 5, with d = 1.

AB3) A"'(33)
(3 =1 -%) e Ty
EEE! 5.7
-1 -1 3 4 2 4
Ll 1 1
4 4 2
A(4,4) A4
e =t EEEE
.-1 3 =1 0] T AI
‘0‘13'1} 5 15 5 15
L—l 0 -1 3 21 9 ,1]
1 15 5 15 9 I
(i 2 1z
5 15 5 15
AGS) AT(5.5)
[3 -1 0 0 -1, /iliil}
=1 3 <1 @ 0| R e T
10 -13-10 S TR T T T
0 0 -1 3 -1 i 2 5 2 1]
-1 0 0 -1 3] (O W om
S | 5 ]
T nonow ‘21“5
2 & 5
So, for example, with N = 4, eq. 4b is given by
V,t+1)=a V(1,t) + b V2,) +c V@) + b V(4,1)
VRi+D=aV2)+bVGH+c V4D +b V(1
V@t+1)=a V@) +b V@4, +c V(1,1) + b V(2,1)
V@ t+1)=a V@4, +bV@B,t)+c V(1,H) +b V(Q21) o)

where a = 7/15,b=3/15,c=2/15 for whicha+b+c+d=1.

The remarkable effect is the fact that the potential V(x,t+1) at the next time step
depends on the whole spatial values of the potential. Contrary to the recursive forward
discrete equation system, there is no more a local space interaction but an infinite
spatial interaction. The weights of the potentials a, b, c decreases with distance.

The analytical parameters a, b, ¢ are given by

a=1-2[d(1 +4d)][1 +d/(1 +2d)] (6a)
b= [d/A1 + 4d)] (6b)
o= [d/(1 + 4d)][2d/(1 +2d)] (6¢)
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The incursive equation tends to the recursive equation for small d, that is to say to
suppress the powers d’. Let us first suppress the terms containing d°, in A(4,4)". Eq. 4b
becomes

V(1,t+1) = V(1,0) + [d/(1 + 4d)] [+ V(4,t) -2V(1,t) + V(2,1)]
V2,+1) = V(2,0) + [dA1 + 4d)] [+ V(1,1) -2V(2,1) + V(3.1)]
VQ@B.t+1) = V3,1 + [dA(1 + 4d)] [+ V(2,1) -2V(3E,t) + V(4,1)]

V(@4,t+1) = V(4,9 + [d/(1 + 4d)] [+ V(3,t) -2V(4,1) + V(1,1)] @)

which is the recursive system with d replaced by d/(1 + 4d).
Second, for 4d << 1, d/(1 + 4d) = d — 4d* + 16d* — ...., the powers of d can be
suppressed and the recursive system

V(Lt+1) = V(1,0 + d [+ V(4,0 -2V, + V2,0]
VQ,t+1) = V2,0 + d [+ V(1,8 —2V2,1) + V3,0]
VG.t+1) = VG0 + d [+ V.1 —2VG.1) + V0]

V(@,t+1) = V(4,1) + d [+ V(3,t) -2V(4.1) + V(1,1)] ®
is obtained. The following table gives the matrices for d = 0.01.

TABLE 3: Matrices A(4,4) and A'(4,4) for d = 0.01.

A(4,9) A'44)

(1.02 -0.01 0 -0.0I)| [ 0.980581 0.00961538 0.000188537 0.00961538 \
‘-0.01 1.62 -0.01 0 1 Lo.oo96153s 0.980581  0.00961538 0.000188537 |

o  -0.01 1.02 -0.01 0.000188537 0.00961538  0.980581  0.00961538
\-0.01 0. =0501.-1.02 0.00961538 0.000188537 0.00961538  0.980581

Another very interesting result is the fact that the incursive algorithm is numerically
stable for any values of d. For d >> 1, and even for an infinite value of d, the incursive
algorithm remains stable. Indeed, when d tends to infinity, for N = 4, egs. 6abc become
a=b=c=1/4, and egs. 5 become

V(1 t+1) = [1/4] [+ V@&,8) + V(LD + V2.0 + VG3,0]
VQ.t+1) = [1/4] [+ V(LY + V2.0 + VG, + V(@3.0]
VG,t+1) = [1/4] [+ V2,1 + V3.1 + V4.0 + V(1,1)]

V(4,t+1) = [1/4] [+ VG.1) + V(4,0) + V(1. + V(2,1] )
The following table gives these matrices for d = 100.
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TABLE 4: Matrices A(4,4) and A™'(4,4) for d = 100.

A@d4) A'44)
( ZUL,  =10U.. 0 -100.\ (TT.ZSSlIl 0.249377 0.248136 0.249377\
-100. 201. -100. 0 0.249377 0.253111 0.249377 0.248136
0 - 100 201, 100, 0.248136 0.249377 0.253111 0.249377
-100. 0 =100. 201 0.249377 0.248136 0.249377 0.253111

The general result is the following:

- When d tends to zero, the incursive system tends to the recursive system, that is to say
a local interaction of potential.

- When d tends to infinity, all the weights of the potential tend to 1/N, that is to say an
infinite range of interaction of potential.

To confirm these results, let us show that the non-locality is independent of the
periodicity of the boundary conditions in looking at the incursive diffusive system with
reflecting boundary conditions.

2.2 Non-locality with Reflecting Boundary Conditions

In taking reflecting boundary conditions V(0,t+1)=V(1,t+1) and VIN+1,t+1)=V(N,t+1),
the system also defines itself the values of its boundaries.
The following table gives the matrix A(N,N) and its inverse A”'(N,N), for N = 3, 4, 5.

TABLE 5: Matrices A(N,N) and A"(N,N) for N=3,4,5.

AGS3) A'33)
(I+d -d 0 ) [ 13 _d \
i -d 1+2d -d | 1443  1+3d  1+4ds3d2
d 1sd d
Lo -4 1+a) T:3d 1:3d 1r3d
&£ d 143
\ 1+4d+3 1+3d 14 a3
A(4.4) A'(44)
(1+d - 0 0] ) [ _Le5aubPedd d(1+3auc?) & (1+q) B \
; -d 1+2d -d 0 | || 610 L6104 1610 1461024
|0 -d  1+2d -d | \ d (143 LAdid 243 d(1sdh2 £ (14a)
\ 0 0 _d  1+d) | | 16410248 T6H10PASE Lb6R10PAP 16102+
' & (1sd) d(1+q)? Ledcid 23 d(1+3ck?)
14601102+ 146102 4AdS  1+6k10R 4P  1+6ar1082+48
B 2 (1+d d(1+43a+P) 14562+
| T 10PAS 1610 AS Lodl0@Ad  L6al0ld
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A(5,5)
0

({1+d -d 07y
Lo=dl o B @d wird 0 O]
0 -d 1+2d -d 0 \
| 0 -d 1+2d =4 |
Lo o B . ad Rae)
A'(5,5)
[ 14715103+t d 1s5ds6 P a3, & B Ld & )
| 148 21d2+20B+5d8  148di212+20d3:5d8 1+5ABER 14821 R+20d3+58 1482124203454 |
| d/15debcReB) 14611 R+T Bt d 1+ R 12 B (14 t
| 18a21d%+2035d]  LBA2ld2+20dh5df  LHadd LBa2lda20B5d 1482142085 |
! 2 d/ 1l 1432 dilsd 2 i
i 145452 145052 14552 1455 R 14552 :
| &3 14d & 14d 2 dild, 14611 P+ 7 dBctd d{L+5cd6idd |
| 1+8A21c2+20B45c 14821 c2+20a3:5a! LSS 1482l P420a35 A 1+8 21 2+20B+58 i
o B3 Ld & i 1+5akbedd) 147 152+1083+f |
\ T:8cd21d2+20035d8 148021 2+2003+58  L+bcdkbd  1+8de21R+2003:58  1+8ds212+20d3+5c4 |
TABLE 6: Matrices A and A™' ford =1.
AB3) A'(33)
e Y (2 1LY
e o8
V0 =L 2] D
{ 1 1 5 J
8 4 8
A(4,4) A'4,4)
2 =l 070 (B35 2 1Y
{213 -1 0| ISR T Y I
! 5 106 4 .2
10 -1 3 -1| B e e W
L0 I T AoTle il Lo e
2 el Sl e
O IR e -
VBl B 2E R )
A(55) A"'(5.5)
Z10 0 FEEEE]
SRRl $533%
10 -13 -10, B Ao
lo 0 3 -1 R iz 5 LRl
'\ 0 0 o[ J i 11 i 15 4 11 il l
P2 4 2 2 13|
155 5 11 55 5 J
il o ool 18 334)
T e Ui =
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For example, for N = 4 with d = 1, egs. 4b are given by
V(1,t+1) = a9 V(1,1) + by V(2,t) + ¢ V(3,1) + dy V(4,0)
VQ2,t+1)=2a; V,0) + b; V@B,) + ¢, V(4,1) +d; V(1,1)
V@, t+1)=a; V@) + by V@t + ¢, V(1Y) +d, V(2,1)

V(4,t+1) = a3 V(4,1) + bs V3,0 + ¢; V(1,t) + d; V(2,1 (10)

where ag = 13/21,a; =5/21, a, = 2/21, a3 = 1/21, by = 5/21, b, = 10/21, b, = 4/21,
b3=2/21,¢=2/21,¢,=4/21, ¢, = 1021, ¢3=5/21,do = 121, d, = 2/21, d, = 5/21,
d; =13/21. The non-locality is thus confirmed.

The following tables give the matrices for d = 0.01 and d = 100.

TABLE 7: Matrices A(4,4) and A'l(4,4) for d = 0.01.

A@4A)
[ 1.01 -0.01 O 0
{-0.01 1.02 -0.00 0 |
P D" =001 1.02 0 =0.01 |
L0 0 -0.01 1.01)
A'44)

{ 0.990195 0.00970873  0.0000951929 9.42504 x 107"\
. 0.00970873 0.980582 0.00961448  0.0000951929 |
‘ 0.0000951929 0.00961448 0.980582 0.00970873 |

1 9.42504 x 10-7 0.0000951929 0.00970873 0.990195 )

TABLE 8: Matrices A(4,4) and A~'(4,4) for d = 100.

A(4,4) A'(4,4)
[ 101. -100. O 0 [0.258621 0.251207 0.246305 0.243867)
| -100. 201. -100. O | { 0.251207 0.253719 0.248768 0.246305
0 -100. 201. -100. 1 0.246305 0.248768 0.253719 0.251207
L 0 0 -100. 101. ) {0,243867 0.246305 0.251207 0.258621 )

2.3 Non-locality with Boundary Conditions with External Inputs

With boundary conditions as external inputs I(0,t+1) and I(4,t+1), the eq. 4b becomes,
forx=0,1234,andd =1,

V(Lt+D=[8[ V(1 )+1(0,t+ D) +3V2,)+[ VG )+ t+ 1)]1/21
VQ,t+D=[3V2,0+9[VE)+HE t+ D)3 [V(LHHO,4+ D121

VG, t+ D=[[VG. )@+ D+3[V(L)+H(0,t+1)]+8V(2,0)/21 an
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We remark that the inputs are present in the three equations, that is in all the space
nodes at the same time step. It means that the inputs at the boundaries are logically
transmitted instantaneously, that is to say during the time duration At, to each node.

3 Infinite Speed of Propagation in Diffusion Equation

It is well-known that the parabolic equation 1a predicts an infinite speed of propagation
for disturbances (Maxwell (1867), Cattanbo (1958), Green and Laws (1972), Vernotte
(1958), Chester (1963), Kranys (1966), Miiller (1967,1971), Lambermont and Lebon
(1973)).

With the initial conditions V(0,0) = §, (Dirac's function) and, V(x,0) = 0 for all x
different of 0, V le > 0, the solution of eq. la is

V(x,t) = [1/2V(xt)] exp [- x*/(41)] 12)

which shows clearly that the potential spreads the whole space instantaneously. This
corresponds to the paradox the infinite speed of propagation of disturbances in
parabolic equations.

So the incursive discrete equation is the best algorithm to simulate the parabolic
equation because this gives rise to the non-locality property of the differential parabolic
equation.

Indeed, the recursive discrete equation is an algorithm which suppresses the non-
locality property and thus does no more represent the original differential parabolic
equation.

With an initial condition V(4, 0) = 1, the spatial evolution of V(x, t) in function of time
gives the spread of the potential with time as shown in the following figure.

x= 0 1 2 3 4 5 6 7 8

0 0 0 0 1 0 0 0
0 0 0 1/4 12 14 0 0
0 0
0

1/16 14 3/8 14 1/16 O
1/64 3/32 15/64 5/16 15/64 3/32 1/64

- - . -
l

{1}

0
0
0
0

W~

Figure 1: simulation of the recursive discrete eq. 3a, with d = (AVAX?) D = 1/4. The
potential propagates with a velocity v = Ax/At.

With such a recursive algorithm, no non-locality occurs. The potential spreads in space
domain at the velocity of Ax/At. '
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4 Non-locality in Quantum Mechanics

The non-locality property of such an incursive discrete parabolic system could be
similar to the non-locality in Quantum Systems by micro-causal loops, where the
duration At would be related to the Planck time constant t,,

After John von Neumann, the Schrodinger equation is similar to the diffusion equation
in taking an imaginary diffusion constant D = i /2m, so eq. 1a becomes

OV(x1)/ot = i h2m &V (x,1)/ox* (13)

and in multiplying both members by i #, the Schrédinger equation for a free particle is
found

i hOD(x,1)/0t = — h*/2m FD(x,1)/Ox* (13b)
in defining by ® the complex wave function.

The matrices A and A~ in Tables 1 and 5, are still available for the incursive
discretization of eq. 13b, in taking an imaginary diffusion d.

Holistic properties of systems by non-locality could be generated by temporal
anticipation as micro-causal loops. Why this phenomenon?

As the spatially local incursive equation system is defined with future time duration by
the backward derivative, the inversion of the matrix A has the effect of mixing all the
space nodes together at the present time t. The inversion of the matrix A folds each
space nodes to the other ones from the future time t+At to the present time t. A micro-
causal loop means that during the duration At, small duration anticipation could occur.
This is in contradiction with Einstein causality principle but not with the Heisenberg
principle of uncertainty At AE > 7. During the interval of time, At, we cannot know if
there is an arrow of time or a micro causal loop.

Let us remark that in a pure anticipatory duration, the time duration would be negative,
At <0, and thus the interval of energy would be also negative, AE < 0. G. Nimtz (1998)
obtained experimentally a signal propagating with a velocity higher than the light
velocity with negative energy.

5 Conclusion 7

More and more authors believe that the neural brain could be explained as a quantum
neural system. One characteristic of quantum systems is non-locality, well confirmed by
entanglement experiments.

This paper is an attempt to show that non-locality can emerge from an incursive discrete
description of the cable parabolic equation used for modeling the potential in neural
membranes.
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