Approximation of Stochastic Differential
Equations by Additive Models Using Splines and
Conic Programming

Pakize Taylan®® Gerhard-Wilhelm Weber®, Erik Kropat®

2Middle East Technical University, Institute of Applied Mathematics,
06531 Ankara, Turkey
*Dicle University, Department of Mathematics,
21280 Diyarbakir, Turkey
¢University Erlangen-Nuremberg, Department of Mathematics,
91058 Erlangen, Germany

E-Mails: ptaylan@dicle.edu.tr, gweber@metu.edu.tr, kropat@am.uni-erlangen.de

Abstract Stochastic differential equations are widely used to model noise-affected
phenomena in nature, technology and economy [12]. As these equations are usually
hard to represent by a computer and hard to resolve we express them in simplified
manner. We introduce an approximation by discretization and additive models
based on splines. Then, we construct a penalized residual sum of squares (PRSS)
for this model. We show when the related minimization program can be written as a
Tikhonov regularization problem (ridge regression), and we treat it using continuous
optimization techniques. In particular, we apply the elegant framework of conic
quadratic programming. Convex optimization problems are very well-structured,
resembling linear programs and permit the use of interior point methods [14].
Keywords : Stochastic Differential Equations, Regression, Splines, Tikhonov Reg-
ularization, Continuous Optimization.

1 Introduction

In the last decade, the development of high-throughput technologies has resulted in
an accelerated generation of massive quantities of data. Such large data sets are
often characterized by a high variation and are influenced by errors and uncertainty.
At the same time, the data need to become well understood and they have to serve as
the basis of future prediction with stochastic differential equations. Unfortunately,
both the real situation and the practical requests are often hard to balance. In fact,
related mathematical modeling faces with nondifferentiability and a high sensitivity
with respect to slightest perturbations of the data. In our paper we address ap-
proximations of stochastic differential equations and formulate a penalized residual
sum of squares problem based on an additive representation of coefficients. We dis-
cuss and elaborate the corresponding parameter estimation problem by means of
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Tikhonov regularization and conic quadratic programming. Herewith, we offer an
alternative view and approach to stochastic differential equations (SDEs).

2 Classical Additive Models

In many applied areas, regression models are of particular importance. Especially
linear regression models are widely used, but they often fail in applications because
of the nonlinear nature of the system under consideration. To characterize these
effects, flexible statistical methods like non-parametric regression must be used [5].
However, if the number of independent variables is large in the models, many forms
of nonparametric regression do not perform well. It is also difficult to interpret non-
parametric regression depending on smoothing spline estimates. To overcome these
difficulties, Stone [15] proposed additive models. These models estimate an additive
approximation of the multivariate regression function. Here, the estimation of the in-
dividual terms explains how the dependent variable changes with the corresponding
independent variables and we can examine the predictor effect separately in absence
of interactions. We refer to [9, 10] for basic elements of the theory of additive mod-
els. Let us have N observations on a response (or dependent) variable Y, denoted
by ¥y = (y1,%2, - .,yn)T measured at N design vectors z; = (zi1, Zs2, - - . , Tim )" . The
points x; may be chosen in advance, or may themselves be measurements of random
variables X,, (j = 1,2,...,m), or both. The additive model is defined by

m
Y =0+ fi(X) +e, (1)

j=1
where the errors ¢ are independent of the factors X;, E(¢) = 0 and Var(e) = o>
Here, the functions f; are arbitrary unknown, univariate functions. Mostly, they are
considered to be splines, i.e., piecewise polynomial functions, because polynomials
themselves have a too strong or early asymptotic to +0o and by this they are not
satisfying for data fitting. We denote the estimates by f;. The standard convention
consists in assuming at X; that E(f;(X;)) = 0, since otherwise there will be a
free constant in each of the functions [9]; all such constants are summarized by the

intercept (bias) Jo.

2.1 Estimation Equations for Additive Model

Additive models have a strong motivation as a useful data analytic tool. Friedman
and Stuetzle [6] proposed an algorithm for the estimation of the functions in eq. 1
that is known as backfitting (or Gauss-Seidel) algorithm. Here, as an estimator for
By we use the mean of the response variable Y, i.e., Eo = E(Y). This procedure
depends on the partial residual against X, given by

ri=Y —Bo— Y fulXu), (2)

k]
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and it consists of estimating each smooth function by holding all the other ones
fixed [13]. Then, E(r;|X;) = f;(X;) which minimizes E(Y — 6 — 3", f;(X;))*. In
a framework of cycling from one to the next iteration, this means the following [7, 8]:

initialization: G, = E(Y), E() =0,p=0
cyclej=1,....m, 1,...,

iterate: p=p+1

for j =1 to m do:

ri=Y —fo— > fulXe),
k#j
fit(X;5) = E(rj1X;)

until RSS = E(Y — B — 3., fr(X4))? fails to decrease.

To prove the convergence of this procedure, Buja and Hastie [3] used the normal
equations. By an arbitrary solution f of that system a reduction of the problem to
the solution of a corresponding homogeneous system can be made. This algorithm
has been modified by Taylan and Weber [16]. Here, the I-th iteration in the mod;i-
fied backfitting or Gauss-Seidel algorithm includes an additional penalized curvature
term.

3 Stochastic Differential Equations

3.1 Definition (Stochastic Differential Equations)

Many phenomena in nature, technology and economy are affected by noise and
stochastic fluctuations. In order to describe such random dynamics, stochastic dif-
ferential equations are widely used. Solutions of these equations are often diffusion
processes and, hence, they are connected to the subject of partial differential equa-
tions. To solve these problems, we apply an additive approximation using spline
functions as motivated in Section 2. A stochastic differential equation, equipped
with an initial value, is given by

{X@) =a(X,t) +b(X,t)d, (t € [0,00)), 3)
X(0) = zo,

where a is the deterministic part, bd; is the stochastic part, and é; denotes a general-
ized stochastic process [12]. An example of a generalized stochastic process is white
noise. For a generalized stochastic processes, derivatives of any order can be de-
fined. Suppose that W, is a generalized version of a Wiener process which is used to
model the motion of stock prices, which instantly responds to the numerous upcom-
ing information. A Wiener process is a time continuous process with the property
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W; ~ N(0,t) (0 <t <T), usually it is differentiable almost nowhere. To obtain our
approximate and then, smoothed model, we treat W; as if it was differentiable (a
first approach which is widespread in literature). Then, white noise J; is defined as
6 = W, = dW, /dt and a Wiener process can be obtained by smoothing the white
noise. If we replace &;dt by dW; in eq. 3, an (Ito) stochastic differential equation
can be rewritten as

dXt = G(Xt, t)dt + b(Xt, t)th, (4)

where a(X;,t) and b(X,t) are drift and diffusion term, respectively, and X; is a
solution which we try to find based on the experimental data. As we do not know
the distribution of X;, we want to simulate its values. Therefore, we simulate a
discretized version of the SDE.

3.2 Discretization of SDE

For a discretization of the stochastic differential equation (4) we consider the Mil-
stein scheme. Then, an approximate for X; is given by

X1 = Xj +a(Xj,t;) (g1 — t;) + 6(X;, ) (Wjza — W) (5)
+ S0 15) (Whea ~ W2 = (231 — 1))

where the prime 7" denotes the derivative. Referring to the finitely many sample
(data) points (X;,¢;) ( =0,1,...,N) we get

X, = a(®,,5) + 6%, B 2 + 005 (55 1) ©

where the vector 7]- represents difference quotients based on the jth experimental
data and on step lengths h; := t;;1 — t; between neighbouring sampling times:

N Ty Wd ] N1
h;

7 I O
ﬁg%tl,ﬁj=N.
However, as the relations (6) include real data they cannot be expected to hold in
an exact sense, but we satisfy them best in the approzimate sense of least squares of
errors. For the sake of convenience, we still write ”=" instead of the approximation
symbol ”a”, and we shall study the least squares estimation in Subsection 3.3.
Since W; ~ N(0,t), the increments AW; are independent on non-overlapping
intervals and moreover, Var(AW,) = \/At; (classical notation; here, AZ; := h;),
hence, the increments having normal distribution can be simulated with the help of
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standard normal distributed random numbers Z;. Herewith, we obtain a discrete
model for a Wiener process:

AW, = Z;j\/ AL, Z; ~ N(0,1). (7)

If we use this value in our discretized equation, we obtain

I — — _ s 1 et e
X; = a(X5,4) + b(X;,8)—= + 5 (00)(X;, )(Z] - 1), (8)
h;
For simplicity we write eq. 8 as
dX_j = Zij + FjCj + -F_jdj, (9)

where Ej = G(Yj,fj), H]' = b(Xj,tj), F]' = (b’b)(yj,fj), Cj ‘= ZJ/ E]’ and

3.3 Estimation of Parameters

In this section we turn to an estimation of parameters in the Milstein model. To
determine the unknown values G; and H; of eq. 9, we consider the optimization
problem

N . - . .
myin Z ”XJ = (G] + HjCj + Fjdj)

=1

(10)

where the vector y comprises all the parameters in the Milstein model. We know that
data coming, e.g., from the stock market, have a high variation. Indeed, for example,
investors may temporarily pull financial prices away from their long-term trend level.
Over-reactions may occur so that excessive optimism can drive prices unduly high
or excessive pessimism may drive prices unduly low, new theoretical and empirical
arguments can have an effect on share prices to fall dramatically, even though, to
this day, it is impossible to fix a definite cause. Indeed, a thorough search failed
to detect any specific or unexpected development that might account for the crash
and, many studies have shown a marked tendency for the stock market to trend over
time periods of weeks or longer, sometimes the market tends to react irrationally
to economic news, even if that news has no real effect on the technical value of
securities itself, etc.. For this reason, we must use a parameter estimation method
which will diminish this high variation and will give a smoother approzimation to
the data. Splines are more flexible and they allow us to avoid large oscillation
observed for high degree polynomial approximation. We recall that these functions
can be described as linear combinations of basis splines and approximate the data

(X,%;) smoothly. Therefore, we approximate each function underlying the values
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G; = a(X;,4), Hjc; = b(X;,%;)c; and Fid; = Vb(X;,%;)d; in an additive way
established on basis splines. This treatment is very useful for the stability of the
model in the presence of the many and highly varying data. We use basis splines
for each function characterized by a separation of variables (coordinates) in eq. 9.
By this we obtain

G, =a(X;1) —a0+ZfP(U“,)—a0+ZEa (UJP

p-—ll 1

2
i = b(X;,t)e; = Po+ ZgT(UjJ‘ =fo+ Z B O Use), (1)
r=1

r=1 m=1

2 2
Fdj = b6(X;,%)d; = 0o+ 3 he(Tja) =00+ ) Z " DMU,.,),

s=1 s=1 n=1

where U; = (U;1,U;2) == (X,1;). Here, if we denote the kth order base spline by
Bk, a polynomial of degree k — 1, with knots, say z,, then a great benefit of using
the base splines is provided by the following recursive algorithm [4]:

B () 1 ,ifxn§m<x,,+1
xr) =
i 0 , otherwise,

(12)

z— Iy Tk — T

By k-1(z) + Bri1k-1(x)-

By i(z) =
Tyk-1 — T Tntk — Tn+l

3.4 The Penalized Residual Sum of Squares Problem for SDE

We represent the penalized residual sum of squares problem for SDE in the following
form:

N .
PRSS(, f.g.h) :zz{"fj_(éj+‘ﬁjcj+m } +Z/\ / Ak

jzl ,
+> / (/U] dU + 3 s / [W(Uy)]” dU,. (13)

Here, for convenience, the integral symbol ” [” is used as a dummy in the sense of
[, where [a,, b:] (k= p,r, s) are appropriately large intervals where the integra-

[ambm]

tion takes place, respectively. Furthermore, Ay, fir, s > 0 are smoothing (or penalty)

parameters, they represent a tradeoff between first and second term. Large values
of Ay, tir, s > 0 yield smoother curves, smaller values result in more fluctuation. If
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we use an additive form based on the basis splines for each function, then PRSS will
become

f:{j(—j = (G; + Hjcj + Fidy) }2 (14)

Jj=1

:i{z_ (ao+zza BT+ ot 33 60O D)

J=1 p=1 I=1 r=1 m=1

+<po+22:Zso"D" ]s)>}

s=1 n=1

Now, for simplicity, we introduce the following matrix notation:

2 dS 2. d
Gi+Hjci+Fid; = ap+ Z > b BiUjp) + Bo+ Y > BrCr(U;,)
p=1 =1 r=1 m=1

2
+¢O+ZZ¢"D" (U;.s) = 4,0, (15)

s=1 n=1

where
4; = (B; C; D;), B;=(1B; BY), C;=(1Cj C}), D;= (1D} D?)
B? = (BY(Tp), BXTsp)s- -, BY Usp) (0=1,2),
)= (G5 ) CWaads s 2 CF{T)) br=1,2),
D; = (D}(U;s), D}(Uys), - -, DE (Us4)) (s =1,2)

and

= (a7, 87, o7)" ,a— (a0, oF,0D)", B= (6o, 87.67)", ¢ = (0, T, %7,
( . )T (p=1,9),
= (6,62 ,ﬁd I =11,

=(sos,sos,~-,ws‘) (s=1,2).

Now, the residual sum of squares can be represented as the squared length of the
difference between X_j and A#, where A is the matrix which contains the row vectors

A, and X is the vector of difference quotients standing for the change rates of the
experimental data:

> (X, - A0)" = X - Al ;. (16)
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Here, we have used A = (74'?,25, . ,Z?;,)T, 7 = (,)-?1’5-(_2’ . ,YN)T. Indeed, we
get a discretized form of each integration term in the following way

b N— 1 N

/ [£(0,)]" dU,, = (Us))" (Ustr— Z[Z By (U j,p>uj]2- (17)

a j:l =1li=

Using Riemann sums, we can discretize and represent each integration by the squared
length of a vector, namely,

b N—
e a > iag ] = ol -1

Z
L

114

(€8] =& 6|5 (r=1,2), (18)

1

[g (U]

J

—

g\v g\e‘
b4

2 £ " 2 —D 2
[RI(UL)])" dU, = " [DS wips)” = |4, wsl, (5=1,2).
j=1
Here,
_B /1 1 I!
A, = (BY Tuy, BY Tuy, ..., B un- )7 5 1y =4/Tisap — Uspy
—C ! 1 " T
A, = (CTTv,Cy Ty, ... ,CxFwon—)” vy = VUjgay ~ Ujs,
—D " no " T
A, = (D Twy, Dj wg,...,DNleN 1) s wi = /Uj1,s ~ Ujs

for j =1,2,...,N — 1. Using this discretized form in eq. 15, PRSS looks as follows:

PRSS(0,1,9,) = K=o+ 3l A el 3w |37 34 Y A
(19)

But, rather than a singleton, there is a finite sequence of the tradeoff or penalty
parameters A\ = (A1, Ag, i1, o, @1, )T such that this equation is not yet a Tikhonov
reqularization problem with a single such parameter. For this reason, let us make
a uniform penalization by taking the same value \, = p, = s = A = 2 for each
term. Then, our approximation of PRSS can be rearranged as

PRSS(6, f,g,h) = ||X — A8|2 + 6*||Z6|[2, (20)
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with the 6(N — 1) X m matrix

04 0 0 0 0 0 0 0
00 A 00 0 0 0 0
+_|o 0 0o a° 00 0 0
00 00 0 A 0 0 0
00 00 O0 0 0A 0
00 000 00 0 A

Herewith, based on the basis splines, we have identified the minimization of PRSS
for some stochastic differential equation as a Tikhonov reqularization problem|[1] with
penalty parameter A\ = 6%

min [ Gm — d2 + &% |Lml @)

This regularization method is also known as ridge regression; it is very helpful
for problems whose solution does not exist, or which is not unique or not stable
under perturbations of the data. MATLAB Regularization Toolbox can be used for
solution.

4 Alternative Solution for Tikhonov Regularization Prob-
lem with Conic Quadratic Programming

4.1 Construction of the Conic Quadratic Programming Problem

We just mentioned that we can solve a Tikhonov regularization problem with MAT-
LAB Regularization Toolbox. In addition, our problem can also be treated by
continuous optimization techniques which we suppose to become an important com-
plementary technology and alternative to the concept of Tikhonov regularization. In
particular, we apply the elegant framework of conic quadratic programming (CQP).
For this, we reformulate our Tikhonov regularization as the following optimization
problem:

min |46 - X, (22)
where HZHH; < M.

This problem requires an appropriate, learning based choice of a bound M. In
addition, the objective function in (22) is not linear but quadratic. When the
original objective function is moved to the list of constraints, we can formulate an
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equivalent problem as follows:

nt1j9n t (23)
subject to HKG - 7”2 < 10,
ILell; < M,
or
Htl,ien t (24)
subject to || 48 — X||, < t,
Iz6]l, < VM.
Then, if we consider the form of a conic quadratic optimization problem [13]
mzin cfz, subject to HDI.’E - dzH <plz—q (i=12,...,k), (25)

we can see that our optimization problem for SDE is a conic quadratic program with
C = (1 Ogl)T, r= (t HT)T, Dl == (ON,Z), dl :Y’ pl = (]_70’.._70)7-‘7 ql - O7
D, = (OG(N——l)aL)» dy =0, p1 = OZHU q=-vM,

2 2 2
m=Y dS+» df+ dl+3
p=1 r=1 s=1
In order to state the optimality conditions, we firstly reformulate our problem as

mip ¢ (26)

such that x := (O{V 63) <g> + (—OX> ;

-5 )0 (o)

Here, x and 7 belong to LN+! and LSW-D+1 where LN+ and LSN-D+! are the
N + 1 and 6(N — 1) + 1 dimensional ice-cream (or second-order Lorentz) cones,
defined by

LF 3= {x = (z1,%2,...,2,)T €R”

&, > \/xf%—a:%—k...—}—a:ﬁ_l} (v > 2).
Then, we can also write the dual problem to the latter problem as

=T
max (X ,0)&1 + (O&N_l),—\/]_w-)ffg

0r 1 5 0
such that <z]¥~ . ) K1+ (06%7{1) 0m> Ko = (01) ) (28)

K1 € LN+1, Ko € e i 11
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Moreover, (t, 0,x,1n, K1, mg) is the primal-dual optimal solution if the following con-
straints are provided in the corresponding ice-cream (second-order Lorentz) cones:

(1 D0+ (7)
=4 &)+ (),

oL 1 oF 0 1
(N-1) _
(‘AT om) a1 < LT 0m> = (om) ’ 29}

n{x =0, ngn =0,
K1 € LN+1, K9 € LS(N_IH_I

X € LN+1 ne L6(N—1)+1.

1

4.2 On Solution Methods for Conic Quadratic Programming

Interior point methods (IPMs), firstly introduced by Karmarkar [11], can be applied
for solving ”well-structured” convex problems like conic quadratic problems. These
methods classically base on the interior points of the feasible set of the optimization
problem; this set is assumed to be closed and convex. Then, an interior penalty
function (barrier) is chosen, well defined (and smooth and strongly convex) in the
interior of the feasible set. This function is "blowing up” as a sequence from the
interior approaches a boundary point of the feasible set [14].

The canonical barrier function for second-order (Lorentz) cones L” is defined by
L,(z) == —In(z2 — 22 — ... — 22_,) = In(2TJ,x), where J, = H%-l (1) . The
parameter of this barrier is a(L,) = 2. These algorithms have the advantage of
employing the structure of the problem, of allowing better complexity bounds and
exhibiting a much better practical performance.

5 Conclusion

This paper gave a new contribution to problems related to SDE using regression by
an additive model and letting modern methods of inverse problems and continuous
optimization, especially, CQP, become accessible and usable. Herewith, a bridge
has been offered between statistical learning and data mining on the one hand, and
the powerful tools prepared for well-structured convex optimization problems [2] on
the other hand. We hope that future research, theoretical and applied achievements
on this fruitful interface will be stimulated by our paper. Indeed, applications of
our method on real-word data from areas of science, finance and technology may be
expected, where our contribution can be utilized.
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