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Abstract We analyse the dynamics of simple class of neoclassical growth models
with time'to.build. Time.to-build comes from the difference between the investment
decisions and delivery of finished capital goods, as it was proposed by Tinbergen and
Kalecki. This kind of delay in production of capital goods influence the optimal path
of consumption of infinitely living economy. The optimal saving and consumption
of households is chosen by the social planner in the way of solving the optimiza-
tion problem with delay. Due to Kolmanovskii and Myshkis (1999) the classical
Pontryagin maximum principle of dynamical optimization can be extended on the
class of systems with time delay. The Hamiltonian for such systems can be simple
constructed and the optimality condition can be derived. As a result we obtain a
forward-looking Euler type equation. We compare the dynamics of economic sys-
tems with delay with the dynamics of their counterparts without the delay to show
that both admit saddle type solutions. The paper points out the importance of the
retarded-advanced dynamical systems in the economic theoretical investigations.
Keywords : economic growth, optimization, retarded-advanced differential equa-
tions

1 Introduction

The economic growth is in the centre of interest of economic theory. The history
of last three centuries of capitalistic countries shows the enormous increase of life
quality. The determinants of growth are therefore important for understanding the
dynamics of nations wealth.

The investment lags influence the production process and are very important in
the analysis of business cycles because may cause appearing the cyclic behaviour.
Tinbergen [15] and Kalecki [7] used the simple linear differential equation with delay
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to model the business cycle (for another example of business cycle model with delay
see [9, 10, 14]).

On the other side when we analyse systems with time delay we find that there
may âppear both retarded and advanced differential equations. In this context we
can say about anticipatory systems [4, 5, 6].

Introducing the concept of investment lags in economic growth theory leads to
formulating models in terms of mixed retarded-advanced differential equations [3, 1].
In this paper we show some examples of this kind of models.

The starting of point of economic analysis of economic growth is the classical
model of growth developed by Robert Solow in 1956 [13]. He proposed three main
factors behind the growth, namely physical capital, labour, and the level of the
technology. The analysis of the latter factor gave an impulse to develop the endoge'
nous growth theory with different kinds of knowledge in the form of human capital,
knowledge, learning processes, science development [11].

The output in this simple economy is determined by the production function

Y :  F ( A , K , L )  ( 1 )

and the accumulation of capital is given by

K : sF(A, K, L) - 6K (2)

where s is the constant rate of savings and ô is the capital depreciation rate.
We introduce the new variable k : K I L, capital per worker, and the production

function can be expressed in the form

Y : F(4, K, L) :  LF(A, K lL, l )  :  Lf  @). (3)

It is assumed that in this form the production function /(/c) satisfies /(0) : 9,

f'&) > 0, f"(k) < 0, and the so-called Inada conditions limr*o.f'(&) : *,
l im6**:  / ' ( /c) :0.

Next we assume that the labour grows at the constant rate n

L :  n L  ( 4 )

and the Solow model takes the form of the one-dimensional dynamical system

h :  s f ( k )  -  ( n + d ) k  ( 5 )

In the special case if we assume the Cobb-Douglas production function

ï (k) :  Ak '

equation (5) has the form ofthe Bernoulli differencial equation and can be integrated
in an exact form after the simple substitution lc --=- z - kt-o.

(6)
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In the above considerations savings was a fixed part of output. This implies the
proportional consumption during the economy development. However, households
can adjust their consumption and saving decision in the infinite horizon to maximize
the utility derived from consumption during their life [12]. To take into account
the problem of optimal consumption we consider it as the problem of dynamic
optimization [2). Let the net investment is given by

h: Ak'(t) - ( ' ,  + d)k(t) - c(t) (7)

where c(t) is consumption per worker. The infinite living household choose such a
level of consumption over time to maximize their utility function

where p is a discount rate. We assume the constant-relativerisk-aversion (CRRA)
utility function

c( t \ r-"
u(c(t\): :f:l-- (9)

I - o

where tlo is the constant elasticity of substitution between consumption in any two
moments of time. The utility function fulfils the following conditions: z'(f) > 0 and
u"(c) < 0.

The Pontryagin maximum principle is used to solve the maximization problem

max U(c) with respect to h : Ak'(t) - (n + d)k(t) - c(t) (10)

with the initial condition k(t) : ks for t : tç.
Then we obtain the system of two autonomous differential equations

h1t1 : Ak'(t) - (n + ô)k(r) - c(t) (11a)
e (  l \

i ( r ) : : ( a A k " - ' ( t ) - n - 6 -  p ) ,  ( 1 1 b )

where o: -##!.
The solutioir of this model is the saddle point. The optimization places an

economy on the sepatrices (trajectories incoming to the critical point) which leads
to the stationary state of the system

(I (c) : 
lr* "-*u{"(t)) dt

*.: (r j* l l)1/(o-1)

o : (?ty)"'''-" - (n+o (3j*tl;'lrt'-'lr

(8)

(12a)

(12b)
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2 The Growth Model with Time Delav

When consider the investment process we can u"" tfrut there is some lag between
the investment decision and the realization of investment. The main point is that
investment decision are taken in different economic situation and the scale of invest-
ment is not necessary adequate to the situation when the investment is finished. In
our consideration we assume that the time delay is constant which corresponds to
the average time of investment in the economy.

1b apply the idea of investment delay in the Solow type of dynamical system we
assume that the output at time t depends on the capital stock available at the time
t - r

Y(t) :  F(A, K(t - r),  L(t - r))

The capital accumulation equation is

K(t): AK"(t - r)L\ '"(t  - r) - 6k(t - r) - c(t)

where k(t) : ç(t) f.or all t e [-",0] is an initial condition. ç(t) is called an initial
capital function, which is taken exogenously as given.

Additionally for simplicity we assume that the stock of labour is constant

i
;  

:0  +  1 ' :  cons t '

trrtioa,-,"ir,g the variables per worker k: KlL, A:YlLand c: C/L weobtain

k(t) : Ak"(t - r) - 6k(t - r) - c(t). ( 15)

As in previous section rre assume that households maximize their utility function
(B) in the constant-relativerisk-aversion (CRRA) form

(13)

(14)

where 1/a is the constant elasticity of substitution between consumption in any two
moments of time. The utility function fulfils the following conditions: u'(t) > 0 and
u"(c) < 0.

Now the maximalization problem is the following

maxU(c) with respect to k(t): Ak'(t - z) - 6k(t - r) - c(t) (17)

with the initial condition k(t) : pt for t e (-2,0).
We solve this problem using the Pontryagin maximum principle for delay differ-

c ( t \ r - o
u,(cftl\

l - o

ential equations (for details see [8])

i'(t) : Ak'(t- r) - 6k(t - r) - c(t)

é ( r ) :  " ( t )  { bAk  
- t ( t ) _6 j ( 4  \ o  )

o  t '  ,  \ c ( r  *ô )  " -o '  
-  P  j '

(16)

(18a)

(18b)
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We can see that the system is the form of retarded-advanced differential equations.
The advanced argument arise in the model as the result of optimization of con-
sumption with respect to gestation lag in the production function. Collard et al.

[3] investigated this model numerically and obtain the oscillatory behaviour of con-
sumption and capital stock.

3 The Growth Model with Endogenous Knowledge

In this section we consider the extension of the previous model. We consider that the
knowledge dynamics is endogenously treated. 

'We 
assume that the knowledge stock

used in production is proportional to the amount of the capital stock per worker

A: A(k( t ) )  :  ak( t )

where a ( 1 is a positive constant.

(1e)

Here we assume that there is a fixed delay in the production function which
meâns that investment realized in time t are started with knowledge and capital
available in time f - r. This assumption gives the equation for capital accumulation
in the form

itlt1 : ak(t - r)k" (t - r) - 6k(t - r)- c(r) : ak(t -")t*o - 6k(t - r) - c(t). (20)

Adopting the analogous optimizing procedure we obtain the retarded-advanced
differential equation system

ir1t1 : akt+o(t- z) - 6k(t - r) - c(t)

i(,) : 9 {[(1+ r)a,k(r)" - ô] tdfr]" "-,' 
- p]

, *  l pec ,+6 l t / "
K : l - l

L( i  +  a )a )

", 
: g9+!3 (k*)a-L ç* "- 

er .

(21a)

(2ib)

The steady state of the system are the same like for the system without delay
(r:0). One can show that there at least one critical point with positive ke which
is given by

(22a)

c* : a(k*)r+o - 6k* (22b)

We can linearize system (21) around the steady state solution (22) and then
compute the corresponding characteristic equation

à(À) :  À2 -Cts-o' \+Crcle-o'-CtÀe- ' \ lCle-Fs-"^ *Cp-P') ,e '^ :0,  (23)

where

C1: (a *  I )a( le . ) "  -  6 ,

Since the characteristic equation is transcendental with an infinite number of roots,
the steady state point is in a generic case a saddle. The convergence to the steady
state is governed by the smallest negative real eigenvalue.
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4 Summary

The main aim of the paper was to point out that anticipatory dynamical systems
appear naturally in the context of dynamical optimization of delay differential equa-
tion. We demonstrate it on the example of a simple model of economic growth with
the endogenous knowledge. In this model the optimizing households choose the rate
of consumption which depends on future (anticipated) consumption. It is charac-
teristic that the time lag in production coincide with forward time in consumption.

\Me studied this model and found the solution (steady state) of this model.
The consumption path satisfies the first-order Euler-type equation. After adopt-
ing the Kolmanovskii-Mishkis approach to the standard maximum principle the
mixed retarded-advanced dynamical systems appears in a natural way. This anal-
ysis pointed out on the importance of retarded-advanced dynamical systems in the
context of analysis of growth theory with dynamical optimization. The next step is
to study the possibility of cyclic behaviour in the model.
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