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Abstract

An image restoratiou is a tlpicallf ill-posecl problem. Generalll-, regulalizatiou
schelre is usecl to avoid this problen. As a regularization operator'. cla.ssical ruetfuo{s
adopt one which uray produce a too utuch smooth inrage. Paralretric Prqjecti<11
Filter which has an ability to cleal with colored ol:rsenatiou uoise is one of theur.

On the other hand, soure ruethods l>a.sed on a spatiallr- adalltite regularizatiol
are proposecl and successful in obtairriug uot so surooth oue. Howetrr, it is a,ssuux'cl
that obserlatiou noise is wltite, aud the ficlelitv of images is uot eraluaterl iu the
space of origiual images iu these urethods.

In this paper' we propose a uew lestoration methocl bv which lve cau eràhrate
the fidelity of intages in the spac:e of original iruages au.cl obtain not so sruooth ole.
we also verify the efÊcac.'1' of the method b1' sorne numerical ex1>erimeuts.

Keywords : R.estoration, optirrrization, trIultiscale sigual pro<'essiug, Adaptive
Processing, Regularization

t Introduction

An image degradatiou is rnodeled a,s follorvs (Oja, ert al.. 1g86)

g =  Af  +n ,  J  €  R" ,  g ,n  e  R ' ; , {  €  Rnxn

where f, g, A, and rr denote au origiual inage. a degracled inrage, a clegra{atiou
uratrix, and observatiou noise (ma1' be colored), respectivell' aud R',, R,,, ard R"xu
denote au n-diruensional real vector space (we call it the space of origiual iruages,
hereafter), an rn-dirnensioual real vector space (we call it the space of clegraclecl
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itnages, hereafter), aucl the set consistirrg of all rrr x rr. real rnatrices. An aim of the
iurage restoration is to obtain the optiurum iurage under some optimization criteria.

The image rt'storatiou is a typically ill-posed prolrlem. Generalll', regularization
schetne (Tikhonor', et al., 1977) is usecl to avoid this problem. As a regularization
operator, cla"ssical urethocls aclopt oue which ural'protluce a too much smooth image.
Paranretric Projectiorr Filter (Oja, et al., 1986) which has an ability to efectively
deal rvith colorecl obselvatiou rroise in the space of origiual images is one of them.

Orr tht' other haucl, sotne urethods based ou a spatiall.v aclaptir,'e regularization
ilre proposecl (\bu, et al., 1996) ancl successful in obtaiuiug not so smooth one.
Hoq'eler it is a"ssunrecl that ol>senation uoise is white and the fictelity of images
is ttot eralttaterl iu the space of original images iu these methods as mentioued in
(Oja.  et  a1. .  1986).

Iu this paper', \\e propose a restoration method bv which we a,re able to deal
n ith colorecl obserration uoise in the space of original images ald obtain not so
sttxxrtlt otre l>1' ap1>lr-iug the umltiscale spatiall-v adaptive regularization scheme to
Paralrt'tric Projectiou Filter'. \\'e also verif-v the efficacy of the proposed method
l.rv sorue urunt'r'ir'al experiutents.

2 Image Restoration by Parametric Projection Filter

Patatut'tlic Projcctiou Filtt'r' (w'e call it PPF. herea,fter) is defined as an operator
.B € R"xtx u'hich uriuiufzes the fuuctional d for some real parameter "y (> 0).

. I t(B): fr i( ,1,, - B-{)(/, ,  - rA)'} +^yEnllBnlf ,

rvlrt're tr'{'} . -l', 1,,, E2. ard ll.ll derrote the trace of a matrix, the transpose matrix
of -{. au rr x rr itlt'rrtitl' uratrix, the exllectation for n, and a nornl of a vector,
reslrt'tirell'. Eq.2 is trartsfomtecl as follorvs u'ith the scpra.red Schmidt nornr.

JIB) = tr{(I,, - BA)(1,, - BAy) + :.lr{Beg},

rvhere Q deuotts the covariance ruatrix of a<lditive noise n.
As <lescrillerl irr (oja, et al.. 1986), the cdteriou eq.J is nfuimized by a,n operator

B if arrrl onll- if

B ( - { - { ' * ^ , Q ) = A ' .

An opcrator q'hich satisfit's the couditiou eq..l is obtaiuecl a.s

B ppt 'bt)  = l ' (J-- l '  + i8)+.

(2)

(3 )

( 1 )
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nùcre .{+ rlcrrott's the \ftxrrt'-P('lu'()sc iurcrse of -{.

\Iauv rcstotatiorr urt 'thorls atkrpt thc terut l lS--f/ l l '?as a part of criter.iorr whiclr
shtnlrl lrt' rrrirrirtrizc<I. Hrls-t'r-t'r' this tt'r'ru lrr('alrs the t'uclgl of uoise r.orullorreut irr
t ltt 'sl lact'of <lt 'gra<le<l itttagcs. Hcucr'. i1 rlot's rrot <'<lutl i lurtr. to thr'f i<k'l i tr-of iruages
itr lhc sPat'c of origirral irttagt's. nùilt' tlrr' ('ucr{{\' of rxrisr' ('ou)l)oueltts irr thc spa<.e
tlf origittal itttag<'s arr' <'otrtrolk'<l b'r- arr t'ft'rtt of thc srrourl tcnu of t1.3 iu PPF.

3 Image Restoration by Anisotropic Diffusion Scheme

-{.s a rt 'gtt latizaii,ru (}l)( 'rat()r '. t ' lassit 'al ructhorls rrsrrallr- arlopt au ollcrator.rrhi<.[
trtal ' strtootlt :t ttstoLt't l  i tttagc t<lo tnttch. C'oustlaiurrl Lcast Srlrarcs Filtt.r. u'[ i<.[
is otrc of t ltt ' t tt ttst 's tht' Lalrla<'iatr as thr. o1x'r 'ator lrr '  's-hich tLc rxrisr. r.orupont'trt is
cffi 'r ' t irt l l  suPprtssrrl lrrrt thc erlgt' iuf<rrnratiou of irrrages ruar lrt. klst.

-\s it Lt'stoLittiotr ttrctLo<l of prr-scrviug thc r.rlgc iufrrnuatiou of iruages. auisotrollic
tl i f l irsiou (ol rcgrtlarizatiotr)schcrut' is prr4loscrl (\ inr. r ' t al.. 1996). -\s thc critr.ri<lrr
l irr ruiuitrrizirrg. \ irrr arkrptcrl

L( .1 )  :  
) . 1  

, , ' r , . t 1 \ t t . r t t t 1+  ^  
f  

D ( l v . / f  . , .  ! t ) l ) t r . r t t l t .

stt lr jcct t() s() l tr( '  r 'otrt l i t ions. .n'hcrr.

( 6 )

. f ( . r .  t t )

.i ( ,. rt)
d ( t ' .  u )

, r ( . 1  .  q )

l l t  . ! t )

origirral iuragc

tr.stol 'r l iruagr.

bhrl o1rr.r 'ator (shi{I-irn'ariaut )
obscrvatiori rroise

rlcglatltr l inragc

g \ . t ' .  l t )  :

c( . r ' . .u )  -
I  

u*.r./  ). /(.r '  -  s. u - t) i l  sr l t

9( t ' .  y )  -  
|  

. l t , . t ) . i ( t '  -  s .  u

*  r t ( . r .  q )

-  t ) t l sd t

rlt.gra<latiorr rtrock'l

rt'stolatiorr resi<lual.

\Iiuirrrizirrg tht't'r'iteliou e<1.6 is achicved lx' stcrllest <k'sccrrt urctho<I. Tht. gra<li-
tut of Z( l) is <kscrilrtrl as folkr.n's

V L ( i )  =  -  [ r ( r r . r ' ) r / ( r r  - . , . . , ,  -  t 1 \ t t u t t t ' -  À d i v  ( U ' , I O . r l ) : 1 ) .  ( 7 ). t  -  
\ - "  " , ' l v . f l l

for sotue leal parautt'ter ,\ (> 0). Thc secourl ternr of cr1.7 is cltx.ourpost'rl to trvo
colupollents. Oue is that of the clircctiou of the gradicnt of .f . the otht'r is that of
tltt' ortltogoual clirectiotr of the graclieut of .f . Heuct,. au a1>propriate. sele<.tiou of the
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furrc:tiorr B irr e<g.6 procltrces a restorecl iruagt' whose uoise'corulrouerrt is efectivell'
supprt'ssecl ou flat regiou u'hilc it lrraiv preser\Ts the eclge irrforuratiou of the iurage.

Horvever, the fidclitl' of iutages in the space of origirral inragt's is uot insurecl l>1'

the <'riteriou e<1.6 as rrrr.utiout<l iu a ltlt'r'ious stctiou.

4 The Proposed Method

Irr this l)aper', $:e l)r'ol)oso a ue$- restoratiorr rrrt'thod rrhi<'h has the arlrautage of

lrrevi<-rtts tn'o urethotls as dcscrilrt<l lrt'llon'

o \\'e <'<lrrstrttt't a basic testotatiotr fr>nrr (nt call it Rcgrrlarizerl Palaruttlic Pro-
je<'tiorr Filter (RPPF). ht'rt'aftt'r') L'r'l'hich \\? ('alr cousiclt'r obserratiou noise
irr the spa<r. of oliliiual iuragt's tur<l soltu' featrrres of inragcs.

o Bascrl orr RPPF. ï\1'| l)rol)()s(' a total n'stoLatiorr filtt'r irr s'hich n.r'<llrtaiu a
rt'strlrtrl iruage au<l rcgrrlalizatiorr ol)('l'at()l' stc1l lrr stt'11.

Hcleaftcr'. qr' <k'scri lrt. tL'tails alxrrrt th<'sc tnrr to1lir.s.

4.1 Regularized Parametric Projection Filter

As a critcriou ftrr ruiuiuriziug. n'r. arkrpt thr. frru<.tirutal ./2.

.12(B) = tt ' l (1,, - B-l)(1,, - A-{) '}  +  ̂ ,EnllRnll ,  + Àlln8gllr.  (8)

f i t lr sotrtt 'rcal paratut't( 'rs ̂r.À(> 0). lùr'rc I l rk'notr.s soruc rr.grrlarizati<lrr ()lx'rator.

E<1.8 is <lt'sr'rilxrl zrs firllrl's rrith thc s<1rarr'<l Schruirlt rrrrru iu tlrr. salrrr. r\'?ll' as
PPF.

J2(D) =tr l(1,, - B-t)(1,,- r-{) ' ,}  * ^,tr{BQR'l + ÀtrlRBgg'B,R,l.  (9)

Theorem 1 Thc critt.riou ./2 is ruirriruizerl llr'?ru olx.rat()r Bpp1,1.

8111,p1"(- - l - { '+  ^ ,Q) + ^RtRBRprt . 'gg '  = - l t .

Proof:

1) Eq.9 is frarrsf<rrrut'tl as firlkrn's

.I/B) = {vec(^I,, )} 'vec(f, ) - 2lvec(B')} 'vec(-{)

*{vec(û')} ' [ / , ,  e (-t-t ,  + ^,Q) + À(n,n)8 (gg,)]vec(,,)

.if au<l onlv if

( 1 0 )
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Iirorrttlier pro<luct (Xlagurrs. et :r1..

A :  (a i . r )  :  l t t r ,  ar .  .  .  o , ] ,  o ;  € R" ' ,

B :  (b i ; ) ,  n ; ; ,  ô ; ;  €  R.

Assuure lhat B pp p p. satisfies

{1,  I  (Al '  +  ^ ,Q) + À( ,R' l?)  6 (gg ' ) }vec(B'appr) :  vec( l ) .

which is obtaiuecl by applviug tht'relatiou (Xlagrrus. et al.. 1988)

vec(ABC) = (C'8 A)vec(B)

to the transpose of e<1.10. Thereforc J.2(B11ppp) is clescribed as follolr.s

Jz(B npp r) : {vec(d, )} 'vec(f, ) - {vec(Blrooo)}'vec(J).

Le tG : [1 , , e ( * l l ' +1Q)+À(R 'R)O(gg ' ) ] f o r l > re ' v i t 1 -a r r c lB l>eau l - rua t r i xo f t he

sarne dinreusiorralitl' as Bpppy.. It holds

Jz@)  -  Jz (Bnpp r )

: {vec(B')} 'Gvec(B') * [vec(B'*o"") - 2vec(B')] 'vec(A)

: {vec( B' )} ' Gvec( B' ) * {vec( B'o* o)\ ' Gvec( B'o r r r)
-2 {vec( B' \ l '  Gvec(B'n, 

" 
o)

: [vec(B') - vec(B'pppr.)] 'G[vec(B') - vec(B'*rro)1,

which is nonnegative sirrce G is uouuegative clefirrite. Heuce. it is proved that

Jz@) 2 Jz(Bnppr) for all B ruith the assuurptiou eq.10.

2) Assuure that .,I2(B) is miuimized at Bnppr. Then Bpppf is a stationarl'poirrt

of tlre functiotal J2(R) ancl it holcls

(  i 2 )
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A.l2@) |
ff ln=oRppp 

= 2[Bnppr(AA' + tQ) + ^R!RBnpppgg' - A'] = a.

This yielcls e<1.10, which coucludes the proof.

A caudiclate for Bpppp is

Bnppe(1.À)  :  unvec[{ (ee '  + 1Q) I  / "  + \@s')  a ( .R ' .R)}+vec(A' ) ] ,  (13)

rlhere unvec dtrrotes the iuverse operator of vec.

4.2 Multiscale Adaptive Restoration

\\e tleat tltt. restoration probleur in the rva:r.elet douraiu (n, stages N'IRA (Mallat.

1989)). huage signals are cleconrlrose'd to a <1uad-tree structure by wavelet transform

as shorru irr Fig.1.

Image

Fig.l: The ç-a:r-elet transforur of an image.

Irr the rrarck't do.uaiu, iurage signals have the features listed below.

o The l<nv fre<quetrcr corupolrents iuclucle large energl' compared with the high
frc<3tt.rrcv colupouents.

o Thcre t'xists sotrre correlation betw-eerr two successir-e coulponents. (For iu-

stauce, LHt atxl LH*)

Orr tht' otlter ltaxl. degrarlati<ln operators are usualll- low-1rass filters in the prar-

ti<'al situatiou. Tltus it is exptcted that the lorv frequerrcy conrpouents are restored

luore a('curattlr thau the high fre<|reuc1'corupouents aud that soure infornration
abotrt alrea<lt estirrratecl coruporx'nts coutribnte to gettiug others. \\e construet a
ur.u; rr.storatiorr algorithru llasr.cl ou tlre issues ureutiout'd above.
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1.2.I Ituage Dt'glarlatiorr irr thr'\\âx'k't Douraiu

Lct II-,,...1 lx'au olthogouâl \\ 'â\1'l( ' t ttausfrrrlrr olrt-rlrtor (n stagcs \lRA (\Iallat.

1989)). II-,,...1 is \\ 'r i ttolr as l)cloû-

I l , , . . . t : l l - , , . [ 1 , , - 1 " ' l l - 1 .  ( 1 - l )

l -hcrc I I I  ( r  = 1. . . . .n)  < l t 'uotos ?r  $ '?r \1 ' l ( . t  t lausfouu o lx . rato l ' lx 'n-h ich r r r '< l l t ta iu

thc r-th stall(- ( '()lul)oucuts fiolII t lrt '  ( i - 1)-th stàg('r 'orrl l loucrrts. Thr.rcfrrre $('havc

t'<1.1 as follou's

( 1 1 , , . . . r g )  :  ( l l ; , . . . r - - 1 1 1 , i . . . ,  ) ( f  l l . . . ' " f  )  +  ( l l , , . . r n ) .  ( 1 5 )

irr thc rri\\1' l( ' t <Lruririu. sirrcc II-,,...1 is au otthogorral rrr:rtrix. Iu tlt is f<rnrrrrlatit ln.

cor-ali iru<'r ' uratris of arlrl i t irt uoisc II ,,...1n is n-rittctr as {oll<lrçs

Q, r '  =  I I - , , . .  IQ I I  , i .  . r .

arxl i l ls() tht. uratrix cxllrtssiotr of arr origiual iruagt' II l ,...r.f is as fir lkrn's

I Fr!i'"" Fr!l'"" l
|  ç t . t t . ' ,  ç l l l l . n  r 1 t . . t  I

- , r  |  ' l l  r l l  f t t  lr r r= l  l .
l : l
L r,t!t' F,!,"''' l

n'lx'rt 'F/,-/"t. çrt-tt ' i  . prrt"i. nrr,l F//.r/ ' t tk'uote LL. LH.I{I. aurl I/f/-r ' 'rr4rou"ut , ' ,f

i-th stagt' itr thr. lr 'av'lr.t <lourairr. -\rr<l nl 'r lt ' f iur-a \r-r 'tor cxprcssiou of II-,,...1f as

firllou's

I I , , . . . r f  =  vec (F ; i  ) .

1.2.2 Irnagc Rt'storatiorr 14' \Iult iscak' RPPF

\\î propose a rt str>tatiorr algoi-ithur clescrilrt'rl Jlelon' base<l orr RPPF.

Step.l Trauslirrur the rlt'glarlati<lu ruoclel to tht wax'let rkluain as eq.15.

Step"2 C)btaiu a rt 'storerl iurage b1' Bnrpr?,.0) nùi<'h is ulral to PPF iu the

s'avt-ltt cloruaiu (rr-th stagt ).

Step.3 Lct  À '= r r .

Step.4 Nlake a regularizatiorr opcratoL 1?1.-1 fi'orrr restored corupouerrt f,'i''^'. (air-

cusst'cl iu a later sectiorr)
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Step.5 Coustmct (À'- 1)-th stage degra<latiou model lx'lrreruultiplr-irrg bv IIl. to

e<1.15.

Step.6 Ol>taiu a lestoretl iuragc lx- Bnppr'(t.,\) iu the rvar-ele.t clouraiu ((Â'- 1)-th

stage) aucl let À' <- À'- 1.

Step.7 If Â'> 0 tht'rr ro1-reat Stt1n.1 - 6.

Tlrus u'e olltaiu a firral rt.storcrl iuragr'. Tlrt' outlirre of this algorithur is shorvrr in

Fis.2.

I '"'..'*.;Ï
I st stc.p I r,u,,s. fl

L:gl

2ntl stclr

l lR I ' t , r  {  7 .1 r ,

_\

{
l l R t , l , l  r 7 ^ l

N
_ t \

1 '

i "-,"" nNJ

ln  lhr :  \ \ 'avclct  l ) r rm;r in

Fig.Z: Orrtl iuo of thr' \ftr lt is<'al ' RPPF.

1.2.3 Coustrtt<'tiott of Rt'grrlarizatirnr O1x.rator

Oru olricctit'(' t() us(' a rcgrtlarizaf iotr olx.tator is to rrrlrrrr. tlrc iuflrrt.rrtr. of rroisr.
on flat rcgiorts n'hik' lttr'scn'iug thc crlgo itrforutatiou of iruagrs. Iu rurk.r' to rr.alizc
this. m' arlopt out' n'hich cousists of n ntightrrl suur of thc sr.rrrurl <tiffi'r'rrrtial of

II-corulxrucrrt.

Let V.F,';rr'(i,.i ) lrr. thc grarlicur ,rf Frl.t't1i..i) .n'hi<h is <k,s<.rilx.rl as follons
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r p!r!* çi. i,; _ r,f_, b1r.71 
IvFu'.''^(i. j) = |, rrt!'k1t,.i) - r*J*t,,;t j '

wlrere in = min(i * 1.r1), Jn = min(J * 1,c6) for Frt!'k e Rrrxck. A vector field
cousisting of the orthogoual vector of the gradient VF"r.rk1f,7) is

ofi!.k 1t. i 1 = | 7fi:..,t'."r )r' I - | - trtlk u ". i) + rfr!'k çi, ) I,  oft! 'k1t, i1.. J 
- 

|  rfr!À1t. i ,1- r!, !r1t. i1 l '
audtlrat of (k-llthstage @!t!'k-l(1, j)) isobtaiuedlry theliuearlf interpolating.
\\e define the weight uratrices as follorvs

,  i f  [  
1 ! i ( r 6 - t

"  l  l S j ( c r . - r ,

: otlteruise,

jp  = max(f  -  1 ,1) ,  . jp  =

r IT-1( , .  j )  =

14T-1( t .  j )  =

t lo!,!*-'ti. i)olll lo'"! '*-'t i, i l l l : i.f l lo!1!k-'(,.i)l l > r,
I  t l rÆ : otheru, ise,

I  lofnln- ' l t . i ) , , l l l lo!r !o- ' ( , , , , ) l l  :  iJ  l loLr! 'k- t ( , , i ) l l  > r ,
I ttrt : oth.eru,ise.

where T denotes sotre real uunber for the thresliold. Fiualll', w'e coustruct the
operator rR5-1 consisting of the weighted surn of the seconcl diffe.rential based on
I'1...,.(i. j) a,ud Ia,r(i. j) as follon's

unvec [.Ê1-1 vec( Ff,- I )] ( t. j )

f u'f-'(,. j11 rfr!*-t1t, io1
| -zrfi!*-t(,, j) + ri!.k-t(t,. j ,) )

: { +r{1f-r(i, j) 1 rfi!-k-r1to,i1

| 
-zr!r!k-'(,, j) + F*!.u-t(,i,, j) )

1 .0

where i ,  :  miu(ï  *  1,rs-1),  j ,  :  minU * 1.c1-1),
nrax(7 - 1, 1) for FLlL'k-r 6 f i(r t-r xct-r).

5 Numerical Examples

In this section, we show some rtunrerical examples to coufirm the efficacl' of the
proposed method.

5.1 Example I

Figure 3 is an origiual image(16 x 16 pixels, 256 grav scale) ald Ëig.+ is the
degraded image w'hich is obtained b1' averaging 7 pixels v'erticalll'and adding uoise
which is horizontally white and whose vertical cor,ariance matrix (16 x 16) is de-
scribed as follon's



12.5
6.25

0

0
6.25

0 6.25
0

6 .25  0  . . .

r2.5 6.25 0

a-

0

0
0 6.25 r2.5 6.25

0 6.25 12.5

Figures 5, 6. and 7 are the restored images by Moore-Penrose inverse (MpI),
PPF, and the proposed method (MRPPF). The parameters for ppF and MRppF
are those b1' rvhich SNR of restored images a.re rnaxirnized. 7(for ppF) is 0.0011.
1. À. and I (for N,IRPPF) are 0.00041.3.9 x 10-8. and 1. respectively,'. \&'e adopt
Haar wavelet for \,IRPPF. The nurnber of stage in ti{RPPF is 2. we show SNR of
restored iurages in Table 1.

5.2 Byernple 2

Figure 8 is an original image (32 x 32 pixels. 256 gray scale) and Fig.9 is the
degraded image which is obtaired b1' averagiug 15 pixels vertically and the nature
of uoise is sarne as Example 1, except the size of covariance matrix (82 x 32).

Figures 10. 11, aud 12 are the restored inages by MPI, PPF, and MRppF. W'e
use saflle parameters in Exaruple 1. \\te show SNR of restored irnages in Table 2.

Fig.3: An origiual inage. Fig.4: A degraded image.
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Fig.5: A restoled image b1' -4+ Fig.6: A restored inage ln'PPF.

Fig.7: A restored image b1'MRPPF. Fig.8: An original image,



Fig.9: A degraded iruage.

Fig.12: A restored iurage b1' \{RPPF.



Nlethocl sNR(dB)

Table 1: SNR of restorecl irn- Table 2: SNR of restorocl iru-

ages(Exarul-rle 2).

IUe'tho<l sNR(dB)
\ IPI
PPF

ÀIRPPF

6.4
t2.r
13.0

6 Conclusion

In tliis pa.per, we corrstructed a uerv ba,sic restolatiou fornr 14- rvhich ue cau ef-

fectil'ely deal with obserration uoise iu the space of original images aucl use some

regularization $chenre simultaueousll' b1' exteutliug Pa,ranretric Projectiorr Filter.
Ancl based ou it, we proposed a restoratiou filter ir which u'e estiurate au effr'ctir-e

regularization operator step lry stel> t'ith urultiscale a<laptive estiruatiou approach

aud we also verifiecl that the proposecl nretltocl is efft'ctive bv some rmruerical ex-
periureuts.
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