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Abstract
This paper describes the Geometry demonstration learning system LEEG (Learning
Environment on Euclidean Geometry). This system was constructed on a learning
environment composed of five agents that interact to promote the knowledge
constnrction and evolution. The five agents arc: Meste, Ordculo, Sonda, Cliente and
Aprmdiz (or in Englistr, respectively, Master, Oracle, Probe, Client, Apprentice), each
one with distinctive and specific behavior. The focus of this work will be the
specification of the Mestre-Ordcalo and Meste-Sondn relationships and the knowledge
base specification.
Keywords: knowledge anticipation, learning systeûL automata theory, geometry
demonstration, M O S CA protocol.

l lntroduction

This paper describes the Geometry demonsration learning system LEEG (Iæarning
Environrrent on Euclidean Geometry). This system was constructed on a learning
environment composed of five agents that interact to promote the knowledge
construction and evolution. The five agents arei Mestre, Oniculo, Sonda, Cliente and
Aprendiz (or in Englis[ respectively, Master, Oracle, Probe, Client, Apprentice), each
one with distinctive and specific behavior.

Cliente starts the learning process sending a proposition to Aprendiz to be
demonstrated and awaits its solution. Aprendiz must construct the demonsffation with
help of exarnples/counter-examples sent by Ordculo/Sonda. Mestre controls the learning
process by permanently accessing the knowledge base of Aprendiz and comparing to the
knowledge base ttrat contains all the correct demonstrations. This means that the agent
Mestre knows previously the demonsEation structure that was proposed to Aprendiz.In
this way, it always signalizes to Ordculo and Sonda when it identifies an incoherence in
the Aprendiz construction, in order to coordinate the sending of examples and counter-
examples that help the correct demonstration construction.

Mestre has access to tre complete demonstrations proposedby Cliente. So, it is, in
some sense, able to anticipate the possible incorrectness committed by Aprendiz. Thus,
it can require that examples have to be send to Aprendiz, avoiding the execution of this
incorrectness. This perrrits a better control over the demonstrations construction
developed by Aprendiz.
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A demonstation on Euclidean Geometry is composed by a set of statements that
must obey a hierarchical order and must be rigorously justified. By this reason, the
knowledge base implementation was structured by Hyper-Automaton model l2i,I37,
[5]. This model enables an adequate structure for the demonstrations statements and
possibility the verification of the learning process through comparison of automata
substructures.

The focus of this work will be the specification of the Mestre-Ordculo arnd Mestre-
Sonda relationships and the knowledge base specification. Also, initially, the
anticipatory system attribute had not been specifically tackled in the project, but
implicitly incorporated" which motivated us to make it explicit and then explore it in
this work.

2 MOSCA Protocol

Formal theories of learning state that a minimal learning environment should
comprise a learner in communication wiûr an oracle in order to enable learning

Based on these assumptions, Reitz [4] has proposed a learning environment known
as MOSCA (Mestre + ftculo + Sonda + Cliente + Aprendiz) as shown in Figurc 1.
This environment is composed by 5 distinct entities (considered as human or artificial
agents), each with specific behavior, according to proposed aims and interacting in the
learning process. MOSCA is a learning protocol based on leaming by example, which
have been used and adapted by many in the literature [7], [8], [9].

Mestre --ifu 0râculo
| \S"t"nt" ,uquurtT 7

. lcritiou\ \ / /<prablern,solution >reqùenl ' Aptendiz, "
l reques/ /  . ,Nolut ion
L ,/,/ Problem\\

Sonda 
(,4problem,solution > \ Cliente

Fig. 1: MOSCA learning protocol

ln summary, the initial proposal of the MOSCA protocol is as follows: the process
starts with Cliente which submits a problem to be solved to the Aprendiz. The Aprendiz
also receives problems solved by Sonda. However such solutions can be incorrect. The
Aprendiz compares its solution with Sonda's solution and defends its solution to the
Mestre. For each argumentation produced by the Aprendiz, a critical argument is sent by
the Mestre. Criticized arguments are memorized by the Aprendiz. Every negative
argument leads the Aprendizto present a new argumentation.

Initially, the anticipatory system attribute [1] had not been specifically tackled in the
project, but implicitly incorporated, which motivated us to make it explicit and then
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explore it in this work. The Mestre, entity responsible for monitoring the actions of the
Aprendiz, knows in advance the final and partial objectives that the Aprendiz should
meet. In that way, the Mestre can in anticipation, v/arns tlrc Ordculo and the Sonda whæ
intervention are necessary in order to reach the final objective successfully. I.e., the
Mestre, having a global view of the process can lead the Aprendiz to the correct learning
path, aided by tbe Ordculo andthe Sonda.

An example of this behavior can be observed in the application of the learning
protocol in the context of arithmetic, specifically, in learning how to solve numerical
expressions. Next, possible ways that can be followed by the Aprendiz in the solution of
numerical expressions (Figure 2).

For each incorrect operation that the Aprendiz tries to exe,cute, tbe Ordculo and
Sonda agents intervene in the construction through messages, with the aim of telling the
Aprendiz to repeat the operation. For instance, if in the first moment rhe Aprendiz
calculate I+15, the Sonda agent intervenes, waming that division has priority over
addition. And this should happen in all operations not available for resolurion.

3 Leârning Environment on Buclidean Geometry

The LEEG (læarning Environment on Euclidean Geometry) tl ll is a learning
environment for Deductive Euclidean Geometry, based on adaptafions of the MOSCA
learning protocol with the aim of helping the construction of theorem proving process in
Euclidean Plane Geometry.

The system proposes the learning of geometric proofs constructions with the aid of
examples and counterexamples, which characterize interventions of the system when
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inconsistent statements or incorrect use of terms are used.
As Euclidean Geome6y is a classical example of an axiomatic system UQl, its

structural form can be proved from a ceftain number of base premises that give rise to

derived propositions [6].
The terms involved in a deductive system are the following [10]:
o Defrnifions: assertion ttrat only requires a comprehension of the terms applied;
o Postulates: principles or facts acknowledged but not demonstrated and admitted

without demonstration;
o Axiams: evident propositions and not subject to demonstration;
t Propositions: object's property assertions (theorems) or steps or its construction

steps (problems), that must be subject to demonstration.
In other words, the definitions, postulates and axioms make up the set of evident

terms in an axiomatic system, which are considered as true without proof. The
propositions must be proved from the basic terms and the rules that establish the system.
Whenever a proposition is pmved, we can admit it as true and use it in order to prove

new propositionl, i.e., this new proposition is now pan of the set of true statements of
the system.

In a propositioru the hypothesis and the thesis must be identified. In the case of a
deductive proof, the proposition hypothesis is taken as true and should be used in the
proof construction. The thesis is the statement of what should be proved, by a rigid
logical sequence of statements, composed by evident statements and proved
propositions.

A proof then will be a set of mathematical statements that should be justified by the
use of definitions, postulates and axioms in addition to the propositions already shown
previously. These statements must be rigorously structured and ordered in a logical and
hierarchical form. The demonstrations are rigidly structured and this structure must be
followed in order to produce a pmof within a axiomatic deductive system.

Thus, the LEEG system aims at helping an agent (Aprendiz), human or virUal, in the
construction of proofs in Euclidean Plane Geometry, have as a basis the rigidity of the
axiomatic system. The construction of the demonstrations developed by the Aprendiz
must follow a logical sequence of construction. Each step of the Aprendiz is followed by
the Mestre agent which identifies inconsistencies and mistakes and activates the
message passing mechanism (examples and counter-examples) that intervene in the
construction.

The deductive demonstrations in LEEG are developed in textual form, organized in a
table composed by two columns, named Statement and Deduction Rule. T\e Aprendiz
will develop its demonstration over them. For each field in the statement column there
will be an equivalent field in the deduction rule column, which must be exactly filled by
the deduction rule that concluded the corresponding statement. Only statements which
cannot be deduced via deduction rules can have the field not filled in.

The LEEG accepted deduction rules comprise 23 definitions, 5 axioms and 5
postulates of Euclidean Geometry, applied to the right elements. For instance, Postulate
I which states that "It is possible to draw a straight line from any point 10 any point"
refers to the construction of a segment from hvo given points. This means it should be
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applied to exactly two points.
The first and last statements of the proof must be, respectively, the hypothesis and

thesis of the proposition.
Table 1 presents the proofofProposition I (To construct an equilateral triangle over

a give line segment) as it should be constructed by the Aprendizinthe LEEG interface.

Table 1: Demonstration of Proposition I

Statement Deduction Rule
sesment AB (Hvoothesis)

circle A. AB Postulate 3 (4, AB)
circle B. AB Postulate 3 G, AB)
point C = intersection (circle A,AB; circle B,AB) (Statements 2 and 3)
sesment AC Posnrlate I (4. C)
seement BC Postulate I (B. C)
sesment AC = seernent AB Definition 15 (AC. AB)
sesment BC = seement AB Definition 15 (BC. AB)
segment AC = segment BC Axiom 1 (AB, AC, BC)
segment AC = seÊûlent AB = segment BC (Statements 7, 8 and 9)
trianele ABC = equilateral Definition 20 (AB, AC, BC)

The fields in the Deduction Rule column that are shown between round brackets do
not need to be included in the demonstration developed in the system. The hypothesis
falls into this case as it is not a state,ment deduced from a deduction rule (is extracted
from the proposition) and the other s[atements that fall into this case, in the above
exarrple, are only facts with no deduction rules.

Each reconing step of the Aprendiz, i.e., each line in the proof table is supervised by
tbe Mestre. The next step is enabled only if the current reasoning is correct. Otherwise,
the Oniculo and Sonda agents are warned in order to send examples and
counterexâmples that tell ttre Aprendiz about its misake and make it possible for it to
correct the mistake.

In this way, the permanent monitoring of the proof construction developed by the
Aprendiz allows the Mestre to anticipate likely mistakes that could be made by the
Aprendiz, warning the Orâculo and Sanda agents to send messages that influence the
construction ofa correct proof.

Figure 3 shows the MOSCA protocol adapted forthe LEEG system.
h the following items, we describe the knowledge base of the system and the

interaction between agents while learning how to make proofs about Geometry.

4 Agents Relationship

This section aims at specifying the interaction between the five agents that compose
the LEEG system.
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Flg.3: LEEG's version of MOSCA protocol

4.1 Cliente e Aprendiz Interaction

The communication between Cliente æd Aprendiz agenfs establishes the beginning
of the learning prccess. The Clicnte sends a proposition to the Aprendiz (Cliente +
Aprendiz), from fte propositions available for a proof, and awaits the result.

In the chosen proposition, the thesis and hypothesis are identified. The hypothesis
should be used by the Aprendiz as the initial statement of the proof. The thesis should be
proved by a sequence of statements logically deduced and should be the last statement
ofthe proof.

Once the proof is concluded, the Aprendiz rerurns the result of the proof to the
Cliente (Cliente +- Aprendiz), presenting a complete demonstration.

4.2 Mestre <+ Aprendiz Intcrac{ion

The interaction between the Mestre and Aprendiz agents is related to the construction
(Mestre e Aprendiz) and verification (Mestre -r Aprendiz) of learning. Each state of
the proof developed by the Aprendiz is sent to the Mestre which verifies the
construction. Three situations may happen: correct construction, wrong construction of
a statement or wrong construction of a deduction rule.

If the construction is colrect, the Mestre send a signal to the Aprendiz, authorizing
the next step ofthe construction.

If the construction of the statement or of the deduction rule is wrong, tbe Mestre do
not authorizes the next step of the construction and send a message to tlrc Oniculo and
Sonda agents, which will warn the Aprendiz.
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The verification of the steps developed by the Aprendiz is done though comparisons
between its demonstration and the demonstration in the knowledge base of the system.
As the Mestre has access to the correct construction in the knowledge base, it can
anticipate likely mistakes in the construction of a proof by the Aprendiz, and prevent
them by sending messages about correct steps in the demonstration.

43 Mestre + Orâculo Interaction

The communication between tbe Mestre and Ordculo agents is made in only one
direction and it is related to the request by the Mestre to the Ordculo of messages to be
sent to tbe Aprendiz. This warning happens in two situations: wrong construction of a
deduction rule and correct construction.

If the Mestre identifies a mistake in the deduction rule constructed by the Aprendiz,
then it warns the Oruiculo so that it sends a message to the Aprendz to correct the
referred state ofthe proof.

On the other hand, if the Mestre checks the current state of the proof by the Aprendiz,
and after the habilitation signal no action by the Aprendiz is identified by the Meste, a
signal is send to the Ordculo so that it can send a message encouraging the correct
constuction. Again, an anticipation about the next state of the proof happens and it
helps the Aprendiz to construct a correct step.

4.4 Mestre + Sonda Interaction

This interaction is also unidirectional. The communication is established through a
signal sent from the Mestre to the Sonda asking for a reflection message to be sent to
the Aprendiz.

This signal is sent whenever the Mestre identifies an error in the statement of the
Aprendiz construction. The reflection messages have the aim of helping the Aprendizto
identify and correct its error, but provide specific information about the correct
construction of the statement.

4.5 Or6culo -e Aprendiz Interaction

The communication established between the Ordculo and Aprendiz agents is related
with the examples used to help in the learning process. Tbe Oniculo aims to send a
message to the Aprendiztbat helps it in choosing the right deduction rules, for each step
of the proof (correction messages) or messages that encourage the Aprendiz the
continuation of the proof when the Aprendiz abandons a proof (incentive messages).

Tlte Ordculo has access to a Module of krefutable Examples (which is in the
Examples Base) which can be accessed depending on the current state of the proof by a
signal from the Mestre.
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4.6 Sonda + Aprendiz Interaction

TIte Sonda agent aims at sending reflection messages to the Aprendiz agent,
whenever the Mestre identifies mistakes in the constnrction of statements. These
reflection messages are determined according to the Mestre signal, which identifies the
curent state of the proof and the mistake made by the Aprendiz.

\\e Sonda agent has access to a Module of Refutable Examples (also included in the
Examples Base), where each message is associated to a state in the proof.

5 Knowledge Data Structure

Data in the LEEG system are smrctured as follows: tbe Knowledge Base, including
definitions, axioms, postulates and proved propositions; the Propositions Base which
contains propositions to be demonstrated; the Examples Base, composed by two
Modules (Irrefutable Examples and Refutable Exnmples). Figure 4 presents the data
structure of the system.

EXETPLES BASE

I i,t.d,,'" 
"{ I | ".d,x" "t I

I lrrefurabre | | Retulable I
I Examples I I Examples I

KM)ULEIDGE BASE

PROPOSMOilS BASE

Flg.4: LEEG's data structure

5.l Knowledge Base

The knowledge base of the system is the complete set of all possible statements that
can be used by the Aprendiz in the proof of each one of the propositions. The proofs of
the propositions are developed in the basis of the system, obeying the logical sequence
of the statements and justifications that should be reproduced by the Aprendiz.ln tbe
case of LEEG, the knowledge base may be formed by 23 definitions, 5 axioms, 5
postulates and 48 proposition theses.

The structure of a proof can be represented by a graph, where all the statements of
Geometry being used in the proof are hierarchically organized and the edges between
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statements are the teflns that justify their use (the deduction rules).
In the LEEG's knowledge base the structure of the proofs is organized and

implemented by a Finite Automata model, which allows an efficient data organization
[2], [3], [5].

52 Propositions Base

The propositions base or possible propositions databank which are to be submitted to
the Aprendiz is deterrrined by the scope of the knowledge base. In the case of Euclidean
Plane Geometry, there are 48 possible propositions to be submitted by the Cliente to the
Aprendiz.Tlrc Cliente agent is responsible for the access to this set ofpropositions, and
chooses a proposition to be submitted to the Aprendiz to be proven. The proposition can
be chosen randomly or structurally.

h the latter case the dependency order berween propositions is followed, i.e., a
proposition will be available for submission if the other propositions needed for its
proof were already proved by the Aprendiz.In that way, knowledge acquisition is done
step by step, in an induaive way.

53 Exanples Base

The examples base of the system is composed by the set of message interventions
send by the system (though the Orâculo and Sonda agents) to the Aprendiz.

The interventions send by the system to the Aprendizhave two aims:
o broadcasting of examples containing enough hints on deduction rules, in order to

lead the Aprendiz agent to a correct proof construction, i.e., making it possible
the inclusion of deduction rules consistent with the current proof;

o brroadcasting of counter-examples, whenever the Aprendiz agent makes a
statement mistake, in order to wam it about the mistake make and helping in the
correction.

The errors make by the Aprendiz can be related to the statements or to the deduction
ntles. Incoherence of a demonstration is a consequence of statements derived from
incorrect deduction rules and the inconsistency of a demonstration is the introduction of
statements with no application of a deduction rule.

T};e Mestre agent is responsible for deciding whether to broadcast messages since it
follows and checks, sæp by step, the reasoning developed by the Aprendizagent. It is by
the Mestre request that the Oniculo and Sonda agents lead the Aprendiz to the correct
construction.

In that way, the Oniculo helps the Aprendiz, by a Mestre signal, by sending
examples that lead to the correct deduction rule. On the other hand, the Sonda agent is
warned by the Meste whenever the Aprendiz makes a mistake in the statement of a
proof, so that Sonda sends a counter-example to wam the Aprendiz about its mistake
and allows a reflection about it and then a correction.
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5.3.1 Inefutable Examples Module

The inefutable examples module is accessed only by the Ordculo. which is

responsible for sending messages containing examples and hints. The messages in this
moàule are irrefutable, i.e., they are correct and can be accepted by the Aprendiz wiût

total confidence.
The messages in this module are divided into two categories, identified by their

functionality : Corre ction M e s s a g es and Inc entiv e M e s sage s.
Correction messages are sent whenever an identification enor in the Aprendiz

deduction rules is detected and aims at providing hints to warn the Aprendiz about the

enor and to direct a correction. Figure 5 shows the interaction between the Apren'diz,

Mestre and Oniculo agents during the error identification process and the correction
message production.

t{csût 
dgtdidng , orÉculo

,,-,*.\ Anre*æEdeductonruh \- f- ADrendlz

Flg.5: hoduction of correcfion message

ln summary, the Aprendizproduces a wrong deduction rule, the Mestre identifies the

error by comparing it to ttre LEEG knowledge base and tells the Orâculo to send a

corection message about the current state of the proof to the Aprendiz. These messages

can still be classified into four distinct levels, according to the error identified:
o hint about the type of element that the deduction rule should be applied - sent

whenever the Aprendizmakes a mistake related to the type of geometric element
(point, segment,...) on which the deduction rule should be applied. I.e., the
Aprendiz chooses ttre right deduction rule, but not the right elerrent. @xample
nressage: "Postulate 3 must be applied to a point and a segment").

e hint that specifies the elemcnts over which a deduction rule must be applied'
sent whenever the Aprendiz makes a mistake in the element(s) (and not in the

rype of element), specifying which element(s) that the rule should be applied to.
(Example message: "Apply postulate 3 to point A and segment AB").

. tnessage waming about incoherence between statement and deduction rule' sent
to warn the Aprendiz that the inserted deduction rule is incoherent with the
respective statement, i.e., the statement cannot be deduced from the de.
(Example message: "Deduction rule incoherent with statement").

. message warning about inconsistency in deduction - sent whenever the Aprendiz
does not insert the deduction rule for a statement that should be deduced from a

rule. (Example message: "Inconsistent Deduction").
Incentive Messages rue sent when two facts are detected: the statement and

corresponding deduction rule are corect, but no action from tbe Aprendiz for a certain

u1;1ount of tiÀe (usually set to 3 minutes) is detected, which is interpreted as undecided

390



behavior or withdrawal from learning. These messages aim at stimulating the Aprendiz
to continue with the proof when indecision or detachment are deûected, by sending hints
about the next state of the demonstration. Figure 6 presents the interaction between the
Aprendiz, Mestre and Ordculo agents during the incentive message producfion process.

llêstne 
ggnôlizirE 

) orâculo

m'*:.)KAprendiz -Æ,,*

Fig.6: Production of incentive message

Each state of the proofs may have more than one associated incentive message,
anticipating the different reasoning strategies that can be adopted by the Aprendiz. An
example message in this category is the following: "You can check the equalit-v of
segments AB and AC".

5.3.2 Refutable Examples Module

The refutable examples module is accessed only by the sonda agent, which sends
counter-examples that may be refuted by the Aprendiz.

The messages in this module, known as Reflection Messages, are sent only in
situations in which the Aprendiz makes a stâtement error. These messages aims to warn
the Aprendiz about the error, creating situations which make him think about the
concluded statement. Figure 7 presents the interaction between the Aprendiz, Mestre
and Sonda agents during the reflection message production process.

IrlËûe r- 
\ incoff€dsEbrnent

t \
Sgnr"ffAngl \' -l Aprendiz

t /
V .,/ra**rnessage

Sonda-

Fig. 7: Production of reflection message

These messages can
objective:

. use of elements
constructed, i.e.,
segment?")

be classified into four distinct levels, according to their

(points, segments,...) which have not been previously
that do not exist. (Example message: "What is the BC

r inconect use of variables, for instance the construction of a segment using three
points or the constnrction of a triangle with only one point. (Example message:
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"How many vertices determine a triangle? Think for a while...")

to write out correct statements before their derivations. (Example message: "You

cannot conclude that yet")
any other situation not foreseen in the previous situations. (Example message:

"Incorrect statement")

6Interactions ExamPIe

In the example that follows (Tables 2,3,4, 5,6,7 and 8), we present how messages

are used in the LEgC sysrem by illusrating a possible interaction between the Aprendiz,

Oniculo and Sonda agents during a proof of Proposition 1. One of the possible correct

constructions for thiJ proof is illustrated in Table I and is taken as a basis for the

interactions presented below. The statements and the deduction rules written in boldface

represent e6or situations that render the messages sent by lhe Ordculo and the Sonda

agents.

Observe that ttre second statement was correctly inputted, but the deduction rule is

applied to an incorrect element (the center of the circle should be A and not B, as it was

11r1in"n out). In this case tlte Mestre agent identifies the error and signalize the Orâculo

so that it sends the following message: "Apply postulate 3 to point A and segment AB" '

Using an anticipatory message, the Mestre could tell the Oniculo to send the

merrugJ "Iî is necessary to determine the circle intersection point A, AB and circle B,

aA". itris message anticipates the next step of the proof, avoiding possible construction

mistakes.

The statement Segment AC = Segment BC was inserted out of a logical and

hierarchical ordering. Then the following message is sent by the Sonda: "You cannot

conclude thnt Yet".

Table 3: of deduction
Circle A, AB Postulate 3 (4. AB)

Circle B. AB Postulate 3 (B. AB)

Table 4: of deduction
Point C = intersection (circle A,AB; circle B'AB)

Sesment AC Postulate I (A. C)

Sesment BC Postulate I (8, C)

Selrnent AC - Sesment BC
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If the Aprerdiz makes a mistake over the same statement, the following message is
sent: "You can checkthe equality of segments AB and AC".

In this case, the deduction rule is incorrect, even though the statement was inputted
correctly. Then the following message is senc "The deduction tale and the statement
are not coherenl."

Again, an anticipatory message may be sent "You can now conclude the equaliry of
thc three sidcs of the triangle" .

When the proof is finished, the following nessage is senfi "Proof concluded with
success!".

Obviously, not all possible messages were prcsented in this example. We just
illustrated how the system works during the knowledge construction process.

7 Conduding Rernarks

The development of the work presented here is part of a conception of a proof
learning system for Euclidean Plane Geometry which, as a fnst instance, was not
thought of as an anncipatory system. However, its formalization led us to notice that we
could consider it as such.

The anticipatory behavior can be observed in the Meste-Orâculo and Mestre-Sonda
inæractions which follows step by sæp the Aprendiz reasoning and send messages
aiming æ avoiding or correcting erors.

In the LEEG system the Aprendizagent was prototyped as a human entity. However,
its stnrcture allows one to study its structwe as an artificial entity which should learn the
logically ordered path of geometical proofs.

Even though the system was conceived to proof learning in Geometry, its structure
supports other application domains if appropriate adaptations are taken into
consideration.
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In the implementation of the first prototype some characteristics considered in the
specific$ion were simplified thus, the implemented agent presents a reactive behavior.
\rlVe are current working on the implementation of the frrll specified agent.
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