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Abstract. Notions ofanticipaton systems tbr discrete-tirne aud continuous-time lD linear s1'stems

and 2D discrete linear svsterns are introduced. A discrete-time svstem is called anticipatory if its

statc vector and output vector depend on the future values ol inputs. A contlnuous-time system ls

called anticipatory if its state vector and output vector depend on the derivatives of inputs.

Necessan and sufficient conditions tbr the antic'ipation of singular discrete-time and coutinuous-

tinre l-D linear svstems are established. It is shosl that the discrete-time system obtained bv

tliscretizatiol lionr contûruous-time one is anticipaton lbr anv value of the discretization step if

arrd onlv il the continuous-1ime svstenl is anticipaton,. Necessarl and sufllcient conditions tbr the

anticipation ofthe singular 2D Fomasini - Marchesrni model and the singular 2D Roesser rnodel

are establishecl.

Ke1' Words. lD and 2D anticipaton svstems. Roesser model. discretization

INTRODUCTION

In recent l ears a dvnamic development of the theory of anticipaton s\ stems especiallJ- the theory of

anticipatory discrete-tilne linear s]-stems has been obsen'ed [26.1.51. The definitions of anticipatory

svstems are different and usuallv not very precise [26]. Dubois in [+.5] has introduced the concepts

of incursion and hlperincursion for dvnarnical systems. In this paper precise definitions of

anticipatory continuous-time and discrete-time linear {'sterns $'ill be proposed. A discrete-time

s)'stem lvill be called anticipatory if its state vector and output Ïector depend on the future values of

inputs. A continuous-tirne s-ystem lvill be called anticipatory if its state vector and output vector

depend on the derivatives ofinputs t3l. In t8-lll it has been shorvn that in singular discrete-time

s).stems the state r€ctors ma)'depend on the future values of inputs and in singular continuous-time

rystems the state vectors mal- depend on the derivatives of inputs. The electrical circuits are

e.ramples of singular systems [9]. Therefore, the follou'ing question arises. Can an electrical circuit

be an anticipatory system? Let a singular continuous-tirne linear sYstem be an anticipatory system.

81'discretization ofthis singular continuous-time svstem we obtain a suitable singular discrete-time

sl,stern. Will be the obtained discrete-tirne $'stem also anticipatory?

The main purpose of this paper is just to give ans\l'ers to these questions. Necessary and sufficient

conditions for the anticipation of singular discrete-time and continuous-time linear systems will be

established. It u'ill be shown that:
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l) the singular electrical circuits are not anticipatory systems,
2) the discrete-tme system obtained by discretzation from continuous-time one is anticipatory for

any value ofthe discretizaton step ifand only ifthe contnuous-time system is also anticipatory.
Necessary and suffrcient conditions for the anticipation of the singular 2D Fornasini-Marchesini
model and the singular 2D Roesser model will be established.

DISCRETE.TIME SYSTEMS

Let R"' be the set of real p x/, matrices and R/:=Rpl. Consider the discrete-time linear
system

Ex,,, = Fx, +Gu,

! ,  = Cx, + Du, .  i  eZ-:={0,t ,2, . . . }

( ta)

(lb)

where r, €.Rn . lt, eR . li €RP are the state vector. input vector and output vector at the point

i, respectively and E,F €R'", G e R"'n' . C e Rp" . D e Rp"^.
lf detE * 0 then the slstem (l) is called standard and if detE = 0 then the system is called
singular.
It is assumed that the pencil (Ê-,.F) is regular. i.e.

detfEz - F]* 0 forsorne z e C

where C is the field of complex nurnbers

Ifthe condition (2) is satisfied then

lEz-F)a=fo" - t ' ' "

rvhere 4 is the nilpotence index and (D, is the fundamental matrix defined by

a

É-(0, - F(D,-r = @,8 -Q ,-,F = iI' 
for t = o

L 0  f o r  i * 0

where 1, isthe ',xrr identiç matris
The solution of (la) has the form ll2.ll.22-241

i t ! - l

x,  =Q,F,x, ,+ lO,  o- ,Gt t*

From (5) it follows that if p > I then the solulion x, depends on the future ralues of inputs
for l>i.

(2)

(3)

(+)

(5)

2 l t
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Definitionl. Thesystem(l)iscalledanticipatoryifthestatevector xi andoutputvector j/, atthe

point i depends on the future values of uo for k>i.

Theorem 1. The standard systern (l) is not anticipatory.

Proof. If detE + 0 then there exists E-r and

lnr - rf' =lzQ,r-E'F)f' =Q,z- E-'Ff'E' = f(r''rl r"'*' (6)

/  ,  \ - l

( t , t  -  t '  r ) - '  = )(r- ' r ) '  r -"*"

[ ( r ' - ' p ] p - '  f o r  t > o
Frorn (6) we have O. = { 

\" / " and, 50. From (5) it follorvs that in this'  
I  O . fo r  i<0\

case .ri (and also -/, ) does not depend on the future values ofinputs g

Theorem 2. The singular system ( I ) is anticipatory if and only if

rankB>deg.det[Ez-.Fl (7)

where deg.det[Ez-F] denotes the degree ofthe polvnomial detfEz-Fl.

Proof. Using the Weierstrass decomposition of the regular pencil (EO [2] we shall shorv that the

nilpotence index 1al if and only if (7) holds. If the condition (2) is satisfied then there exists

nonsingular matrix P,O €À"' such that [12]

where n, =deg-detfEz-Fl ,  n, =f i- t1r. A, ef ia.a and N eR"'n'  is the ni lpotent

matrix with index l, NP-'*0, Nt'= 0. The index p is equal to maximal dimension of the

Jordan block corresponding to the zero eigenvalue of the pairs (E,n i'l{. From (8) it follows that

rank.E=n, i fandonlyif  N=0and7rl.Thecondit ion(7)issatisfredifandonlyif  lÈ1. From(5)

it follows that in this case ri depends on ?/r. for À'>1. 6

CONTINUOUS-TIME SYSTEMS

(8)
I t z - .1 ,  o - l

P lEz-  r lQ= l '  o  Nr_  t , , )
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where i =#, x =x(l) eR". u=u(t) eR", y = y(t) eRp arethestatevector, inputvector

andoutputvector. respectively and, E,A eR"n, B eR"', C eRp^', D eRp".
If detE * 0 the system (9) is called standard and if detE = 0 the system is called singular.
It is aszumed that the pencil (E,A'l is regular. i.e.

Consider the continuous-time linear wstem

E* = Ax+ Bu,

!=Cx+Du

r(0) = ro

det[.Es- A]* 0 for some s e C

Ifthe condition (10) is satisfied then

[Es- A1" = l6-5-t '" 'r
i=_ t t

rvhere p is tlre nilpotence index and (D, is the fundamental mafix defined W I17,23,241

(9a)

(eb)

(10)

( l  l )

(r2)E(Dt - ACD,-, =a,E -o,,A ={Io 
I : ' , : i

The solution r(f) of the equation (9a) has the form I I 7.9]

,
r(t) - eo"{'qr ,Exo + f e'on('")ooBuqrld, *fa-,(n1ztr-r) "u 

Ero5tr-rr) (13)
0  / - r

dru
where ,rtl) = --;;, ôr) denotes tlre derivative of thej-th order of the Dirac impulse ô(t) . from

dl '

(13) it follows that if lÈl then the solution r(r) depends on the derivatives of n(r).

Delinition 2. The rystem (9) is called anticipatory if the state vector r and the output vector l,
depend on the derivatives of a.

Theorem 3. The standard rystem (9) is not anticipatory.

Proof. If detE * 0 then in a similar rvay as for the system (l) it can be shown that
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. fo r  i>0

for i  <0

and lr0.

In this case frorn (13) it follo\r's that r does not depend on the derivatives of r. o

Theorem .1. The singular s)'stem (9) is anticipaton' if and onll if

ra nk-E>de g. det [Es---l ] (  l 5 )

Proof. In a sinilar l'a1 as for the sl'stem (1) it can be shou'n that the condition (15) is satisfied if

and onll if the nilpotence index p>1. From (13) it follo$'s that in this case x depends on the

derivatives of u. -

ELECTRICAL CIRCUITS

It is $ell-known u7.91 that electrical circuils are exarnples of singular continuous-time linear

svstems. The follotving question arises. Are the electrical circuits also exarnples of anticipatorv-

svstems? To ans$er the question let us consider an electrical circuit $ith n meshes consisting of

resistors. inductances L..L2.....L, and lr Yoltage sources. Let lr.l:.....i,, be the mesh currents. Using

the mesh rnethod rve rnay rvrite the equation (9a) in lthich

r 1 T 1 - l T
t =U '  l "  . . .  i , l  .  u= le ,  e .  , , 1  (T -deno tes the t ranspose )

and the resistance Â,; satisfu the conditions

[ > o  f o r  i = i
R,, = R,,11 ^ 

- .  
.  

- -  and 4,  >>& -  i=t-  'n ( l?)
'  ' l > u  . I o r  t * J  j - - )

It can be easily shown [7.9] that the matrix lr is nonsingular. det A, + 0. We shall show that for

tlris electrical circuit the matrix N in Weierstrass decomposition of the pencil (E,A) is zero matrix

and the nilpotence index lrl, ln this case we choose
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( l4)., = 
{(t 

'4 r'

,e,, I-;- I
n, .  I
i - l

; l '
". 1- t  I- r j

R..,,,.l
R,.," 

I tr6)
I-R " , )



and we obtain

4r, - nb =l' ; 
- ̂ ,^lf^ 

lt': ̂:

" = ['; 
- ̂ ;:r), n=l_ ^!; n, ,:,]

rvhere l ,  -  A.-A2A; |  4.  From (18)  i t  fo l lows that  N=0,  nr=F,  t%=n-r  aîd
rankE=deg.det[Es-l]. Dual results can be obtained for the electrical circuits consisting of resistors.
capacitors and

Fig. I

voltage sources. The considerations can be estended for RL.C Spe etectrical circuits. Therefore tlre
following theorern has been prol'ed.

Theorem 5. Electrical circuits are not anticipatorJ,s].-stems.

Example 1. Consider the electrical circuit shorvn in Fig. I with given conduclances G& Â-:1.....5.
capacity C and source loltage e.
Using the Kirchoffs node lorv for this circuit rr.e mat's.rite the equations
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Cù" = G011,, - u") + G.(v" - u")

Gt ( " -  v , )  =  G ' (v '  -v " )+Gu(v '  -2 . )  (19)

Gr(rr - t'") = G,(r" - u 
") 

+ Grv.

Choosingasthestatevariables Xt=uc, xz=vt, Xt=r,2 weobtaintheequation(9a)inwhich

[roo-l [,"] [-+ + 
"l 

[ ' ]
E=10 0  01 .  r - l  r , ,  l .  A= l  G , ,  -G . .  G" ,  l ,  a= l  G , l .u= ,  (20)

lo o ol 1,,, .l L o, G,= -;,,.] L t l
Gr, = G, + Go, Gr, = Gr, = G", Gr. = G:t = Gr. G., = G, + G, + Gr, G., = Gr. = Gr.
Gr, --  Gr +G, +Gr.

In this case r=l- n=3. m=I and

n, =[- +]. t, =f? +l ,, = [3:,1 u, =l-f :' _?,] a, = rol
fc.-l,,=Lol

The matrix la is nonsingular since Gr.Grr, G.rGrr. and the inverse matrix

, I [G,, G^.-l
l  t  - - 1  "  - -  

l'-+ 
G,rGr, - G""GB LG3. G..)

has negative entries.
From (20) it follows that

ù" = Aru" +E3
where

(21)

Â=A-A.A; ' I= l -9- .  .  
I  -"t '2"4 "3 

L c clcrrcr=-G,rGr]
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GrG. +GrrGrr\u +(GrrGrr* G,rGrr)G,, )]

E, = B, - A"A;tB, =lo*Zo" t-:t:"11
I  j  +  '  

L  Grr .Gtr -GrrGr,  l

The solution u"(t) of (21) has the form



u" (t) = e4r u 
" 

(o) + [ eAQ- ùE,e1r1dr
0

and it does not depend on the derivatives of e.
Knowing u"(t) wemayfind v,(/) and v.(l) fromtheequation

[ v ,0 ) l
l ' )  :  |  =  -A ; '  A , r r , ( r ) -  A ; tB re ( t )
Lv' (r) l

Note that v,(l) and vr(f) also do not depend on the derivatives of e. Therefore, the electrical

circuit is a singular system but it is not an anticipatory s]'stem.

INFLUENCE OF THE VALUE OF THE STEP DISCRETISATION ON TIIE
ANTICIPATION

Substituting the derivative * in (9a) * ef,;l rve obtain the equation (la) in which

F = E + L L A . G = L i B  e 2 )

Let the continuous-time slstem (9) be anticipatory. The following question arises. Can the discrete-
time Estem (l) obtained by the discretzation from the continuous-time system (9) be anticipatory
sl,stem for anv value of the discretization step Âl ?
We shall show that the discrete-time q'stem (l) is anticipatory for any Âl > 0 if and only if the
continuous-time s).'stem (9) is anticipatory. The proof of this hlpothesis is based on the following

Lemma. Let s,, i=1.2.....n be the eigenvalues of the pair (E,A)eR"", i.e. the roots of the

equation det[Es- A]=0. Then z, = l+Âfs,,i=1,2....,n aretleeigenvaluesofthepair (4F).

Proof. Using (22) we may urite

ae{rz - rl = ae {r, - r - ul = ae{np - y - atl"{rk ? - 
4] 

= t "{" i 
- nl= (23 )

=(rf ae{rs-zl

z . - l
Frorn (23) it follorvs that .t. = 

A, 
or z, = | + Lts, for i=1,2....,r. s

Theorem 6. The discrete-time system (l) obtained by discretization from the continuous-time
S'stem (9) is anticipatory for any value ofdiscretization step Â/ > 0 ifand only ifthe continuous-
time system is anticipatory.
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Proof. By theorems 2 and -l it is enough to shown thal

deg.det[Ez - F]= deg detfE.r - Al (21)

From Lemma it follorvs that the number of eigen'r'alues of both pairs (8.4) and (E,F) is the same and
the equaliq'(24) holds. 1

2D LINEAR SYSTEMS

Singular Fornasini-Marchesini model.

Consider the 2D linear s1'stern described b1'the equations

Ex, - r . , - ,  =  A , ,6 r *A. ,x , - t . ,  +  A .x , . , - r+8u, ,  i , . i  eZ-  (25a)

!i., = Cx,, + I)tt,., (25b)

rvhere .r,  €.R" isthestatel€clorat lhepoint ( i , i ) ,  t t ,  €.R' '  istheinputvector, i / l  eR/ is

t h e o u t p u t v e c t o r  a n d  E  € R " ' , A * € À "  " .  k  = 0 , 7 , 2 .  B  e  R " ' '  .  C  e  R p  n ,  D  e  R P ' '  .

The s)'steln (rnodel) (25) is called the singular first Fornasini-Marchesini model if detE = 0 and

standard if det,E É 0. It is assurned that

detlEzrz" - A,, - A,z, - A.z "f=lr/, , t i t !  Q6)

a\d d,,,,- * 0 for some positire integers nt,n. (lt, < n, n. < tt).

Ifthe assurnption is satisfied then [12]

t r  À  -  A ,  -  Â  .  \ -1=  i  -3  7  - - t . i , t . ) . - ( i+ t )
lL I r r tz "  

_  A t )  _  A)z )  _  A :z : l  =  
,L_ ,  ,4 l , r r t  

t : .

where the pair \pr, p.1is the nilpotence index of (25) *O ttt. transition matrices {

b-v

,  J ' o r  i = l = O

for i *0 (28)

or land .i + 0

and 7,,

32',1

(2'7)

are defined

fnor-r ,-r+ 
ArTo.^+ A.T,r.r ,+ I

ET, = 
1AoT,r.,, 

t ArT,.i. + ArT, ,,i

t
=0 for  i<- l t t  or land j  <- l t r .



The solution x,, of (25) with the boundary conditions

x,o for ieZ* and xo, for j  eZ*

and input sequence zu is given bv [2]

i :Ai+p2 ,-^( 
^fro"l  )r, =I Z1-o-,.,-,-,8r,, *Il T,-u-,., ,-,f4,BI-.-' l* T-o.i-,A,,xoo l*n,n Ei\ lsroJ 

'  
)

t:!!d fx..,l ) f' I
* I l 4-,, ,- ' [+,nl^,," ' l*T, t.1-rA:xut l+r,-,,-,| ' lu,n] -* | "t 

i , i  >o
,=r[ Lr/,r,] ) lu*,]

(2e)

(30)

From (30) it follows that if 4 > | or / and p, > I then the solution x,, depends on the future

valuesofinputs tt*., for k>i,l>.i .

Definition 3. The system (model) (25) is called anticipatory ifthe state vector r,] and output vector

/,; depend on the future values of inputs. lrr,, for k > i,l > j .

Theorem 7. The singular 2D svstem (25) is anticipatory ifand only if

deg 
". 

adifEz,z^ - A,, - A,2., - A^t^1, deg - detf4zrz. - Ao - Arz, - Art.l (31)

forat leastoneof  l=1,2

rvhere deg-, denotes the degree of the poll-nomial rnatrix (or polvnornial) rvith respect to

i = 1,2 and adj A(z , , z .) stands for the adjoin matrix of A(2, , z .) .

Proof. Let deg, ad1lEz,z.-4.-42,-A^z"l=q, and deg- detfÇz,z.-4-A,r,-A.z.l=n

i  = l - 2  .
Tlren using the procedure of the division of polynomials from the formula

' 'r -.zrz: - 4, - Arz, - Art=f
fEz,zr-  4,-  A,zr-  Arr .T '  =Y# -  (32)' ^ l - l  "2-2t  

det f4zrzr-  A, , -  Arzr-  A,"z. l

rve obtain (27) $'here lti = Qi - ni +1 for i =1,2. Therefore, if (31) holds then ll, > I and frorn

(30) it follows that the solution x, depends on tlre future values of inputs. In this case from (25b) it

follows that /;; depends also on the future values of inputs. By definition 3 the q'stem (25) is

anticipatory ifand only if(31) holds. I

Remark: Let rank E = rankfL, At,;. l. rnen (3 1) is satisfied only' if

for
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f o r  i  =1 ,2 .rank E > deg,, derl?zrz. - Ao'- A,z, - Arrrl

Example 2. Consider the rnodel (25a) rvith

(33)
ol [o o ol [o I ol trl
ol,z,=lo r ol,z,=lr o ol,r=lol
o. l  [ooo.]  [ooo] L ' l

o l
I

.  t . 1 l  
-' ' t

0 l

[o t  o l  [ r  o
E= |0  0  11 , , 40=10  0

[ooo]  lo l

In this case n =3,m =1

[o o o.l [-t o o.l
. = 1 0  0  0 1 . I , , = l  0  0  - l l ..  

[o o r]  lo o ol
ool trool
0  01 ,4 ,0=10  0  0 l

l  o ol [o r o]

i  = 1 , 2 .

where

[o  o - t l  
[o  o t ]

T- . - .=10  0  01 ,1 , - ,=10  0  01 .1 , -

[o o o.] lo o -r.l

[o o ol  [o
f r ,o=10 O 01,4 ,_ ,  = l  0

L0 0 -r.l L-

Hence {, = Qz = 2 and P, = Qi 
-f l i+l= 2 for

Using (30) we obtain

t, =EE , r-,,,-,-,Bur, .Z(r,r ,. ,ln,,u{:r,',]* l.-,a".)*

329

l - t  z t z . - 2 .
detl1z,z, - An - A,z, - A.z.)=l- z" - z\

I  o  - l

and d,, - -1,n, = ftz =1

Using (32) we obtain



(34)

.;[r ' .', ̂ ,ufî:,,,)*r,-, ,.A,,o,)q,. ,'fAo,"i;;l

|  
- r t r .+uû-r \ t  

I
{ . '= l  - l t r r  

I
L- ltn + lto2 - ltot -ttrc 

)

f  
-  ur,r- ,  +nt, i*r  -ur.1+ t .o, ;*r  

l
, , , r = l  - u r . i  

l f o r  l > l

L-rr,,rr, +tro,j+r -rto,j -rt\t-t -uo,i 
)

|  
-  u i + \ 2 + u i . z - u i . t  

I
4 , , = l  - u i . r  

I  
f o r  i > l

| - u,.", + u,-r,, - tt i-r,r - I! i'- t/,+r,. + ri,o - rr*r,o I

t  
- t t i , t . i t r+l t i . j+t- I t i . j  

I
r , , r = l  - u i . t  

l f o r i > l a n d l > l
| 

- rt,,ir, + lt i-t,j+r 
- tt,-r.t - ll i,it )

Singular Roesser model

Consider the 2D linear system described by the equations

rf 'î',,l = el*x.]* n,,,
L'i,'J L'il

^l-.; Ixt =cl", f+ Du,

where rf e Ra is the horizontal state vector, ri e R', is the vertical state vec{or,

the input vector, /, e RP is the output vector and

E=18, ,  
8 , , '1 .  qr  eRa'a 

-  t= lAu 
Anf .A, , .R ' 'n  

.B=i { ' . ] ,  
I ,  e iQn' -

" - l_8, 
Eu)' Erre R',"," '  

- l_A' 
ArrJ' A.r. p*a1'" Lnr' | '  nr€R"'; '

(35a)

(35b)

lro e R' is

6.  PrG'" ' )

De RP'"
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The qystem (model ) (35) is called the singular Roesser model if detE = 0 and standard Roesser

rnode l  i f  de tE+0.

It is assumed that

d(2,.2.) = *lI,=',::,_1:,=", t;..:". 
::;)=*tn,,t,t (36)

and d,,. + 0 for some positive integers rr,r.(rr 3nr,r" < n.) .

Ifthe assumplion is satisfied then [12]

f  8 , , 2 ,  -  A , ,  E , ^z^  -  A r ^ ) - t
I  

, , - r  - , ,  
. , -  |  = Z ) T u r - i ' - t t z - ( t - 1 )  ( 3 7 )

lE-rz, 
- A", E^"2. - 4." I È_ !),t=_!,,

rvlrere the pair (pr. p.) is the nilpotence index of (35) and the transition lnatrices Ç are defined

b r ' [ l 2 ]

[ r , ,ok . r ,  + [0 , r , ]4 - , . ,  -AT, - , , ,= { ,  I " ' fo r  i  =  i  =0

Q fo r  i *o  o r l and  i+o  
(38 )

and ,T , ,=0  fo r  l < -P ,  o r l and  i< - , .

l - r  
- l  

t e  I
-  | " i l  |  -  l " t :  IL r= l c  l ' ' , = '  I

L-:r I  LË,,-J

The solution xu of(35a) tvith the boundarl'conditions

*!,, , . i  .2., x) ' , , , i  e z- (39)

is given b.r- [2]

i+A-\ i+u"-l t ' !\ 1 i-LL-\

,u = I Zr,_r_r., ,-,Bu*,+ Z r, ,_,,,Ûr*X, + Z r,_r-r.iDrxïo (40)

From (40) it follorvs that if p, > I orland trt. > I then the solution ru depends on the future

valuesof inputs u, for  k>i , l>  i .
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Definition 4. The system (model) (35) is called anticipatory ifthe state vector .r, and output vector

/;i depend on the future values of inputs, uo, for k > i,l > i .

Theorem E. The singular system (35) is anticipatory if and only if

rank Ei > deg - d(zr,zr) fot i =1,2 (41)

where d(2,z.) is defrned by (36).

Proof. It is eas! to show that

|  2 . . 2 .  -  A , ,  8 , . 2 "  -  A . ^ )
a"s,,odJli=,r,- 

n=" n.rr-r- n;;)=*"o 
t' for i =r'2 (+2)

Using the uell-known procedure of the division of poll'nomials from the fonnula

f E,,2, - A,, E,.z^ - A,.l-' | ..f 8,,2, - A,, E,.2. - Aul
|  , , ,  _  , ,  1  =  -  

a d i l  , , ,  .  , _ l  ( + 3 )

lErrzr-  A=,  E.rzr-  A=r)  d(2, ,2. )  
' lErrzr-  

A=,  Errz=-  Ar . )

(1{)

we obtain Fi =rnflk E, -r,+ I for l= 1,2. Therefore. if (tl) holds then

it follorvs that the solution x, depends on the future values ofinputs. !

Example 3. Consider the model (35a) rlith

[ r  o io  o l  [o  - l io  - l l  I r
l : l l : l l
l 0  1 , 0  0 l  l 0  1  0  l i  l 0

E = l  ,  l "  A = 1  1  , . .  1 . 8 = l

l0 0,1 ol  l - r  
-2,0 r l  l - '

L0 0 :0  0J  L0  l .0  0 l  L l
In tlris case ll, = 77. = 2, m =l

p >l and from (40)

l t ,  I  0  1 l
- t l- A , r i  I 0  z , - l  0  - l l

- 4 . ^ l  l l  2  z .  - l l
t - l
lo  - r  0  o l

and r, = 7, =1,

Using (43) rve obtain

332



O I
0  - l

- - l  - - - l , o - - 1
t 1  - a l a 1  r a - .

0  - e ,  + 1
- t  - l

|  ' 2

-t -l
- - t . 2

- 1

o - l  t T  z'  ' 0 0 '

0 l

0  - l

0 0

0 l

0 0'l
0 0 l
0 0 l
0 0 l

Io
lo
I

lo
L0
0

0
- 1

0

o- l  [o  o o o l
ol- lo o o ol,
o l ' ' - "  

= lo o o -r  l ' ' - '  '
- r l  [o o o o]
ool  [ t  lool
0  0 l_  l 0  0  0  0 l _

r  z l '1 ' ' '  
= lo 

o o o i '1un=
ool  [oooo. ]

0

U

0
0

Io
l0
t0

L0

T
l  t r -

r ' ' r . ' l  i  E:x'* '  

l ; î ; ; , , ' ' '  

-  
" ' ' ] '  

r  i  1 > o

0

0

0
- - 1- l

(.1

' t
, I I- r  

I
" l- ' l

0 l

0

0

0
- l

0

0
- l

0

. l ' ,  I
f  8, ,2,  -  A,,  Er-z- -  Ar. l - '  I  o z,  - l

l t . , t , -  n, , ,  r . - . r " - 'q: - l  
= l  

t  2
[o - r

l ' . z. Q z,z- I t ', '
_  I  l 0  0  0  - zF :  

l = l  0
=4 l t  -2 , - r  z t  - z i  +22 ,  I  l - t r " ; '  

- t i '

I o  - z f z  o  - z i z . * t , t . ]  [  o
= T-.-rz, + T-',,z rz'1 + T-r-, + T-roz ^t + T-u,

l ' o

0 0

0 0

0 0

0 0

0

0
_ I

0

Hence p, =rankEt-r, +l -2 and P.
Using (40) we obtain

- rankE"  - / ,  + l=1

t, =f^1r*-,,.1-,-,8ur, *fT.,,,-,t t:, *f

CONCLUDING REMARKS

The standard linear continuous-time and discrete-time Eystems are not anticipatory systems

(theorems I and 3). The singular linear continuous-time systems are anticipatory systems if and only

if the condition (15) is saiisfied (theorem 4) and the singular linear discrete-time systems are

anticipatory systems ifand only ifthe condition (7) is satisfied (theorem 2). It has been shown that

the singular électrical circuits are not anticipatory systems (theorem 5) and that the discr€te-time

system-obtained by discretization from continuous-time one is anticipatory for any value of the
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discretization step Âl > 0 if and only if the continuous-time is also anticipatory (theorem 6).
Necessary and suffrcient conditions for the anticipation ofsingular 2D discrete linear systems have
been established (theorem 7 and 8). In [18] an analysis ofthe influence ofvalue ofthe discretization
step on internal and extemal positivities and asymptotic stability of disuete-time system obtained by
discretization from continuous-time one has been presented. An open problem is an analysis ofthe
influence of value of the discretization step on the reachability, controllability and observability of a
positive discrete-time system obtained by discretization from continuous-time one [2,20]. An other
open problem is also an extension of the considerations for singular 2D continuousdiscrete linear
s-v-stems [19].
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