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Abstract
The present paper discusses the conception of the cardinality of a bif,ùzzy set in two
versions - as a real number and as abifuzzy set. The notions introduced here serve one
to calculate the probability of a bifinry event defined in a finite space of elementary
events and are a generalization of Laplace's approach in the Kolmogorov probability
calculus. The paper refers to works of Gerstenkorn and Manko (1998) and Mariko
(1992) and is illustrated by an example.
Keywords: bifir?q set, intuitionistic fuzzy set, (a, p1-level of bifrlrzy set, the extension
principle, probability of bifvzzy events, bifazry probability, cardinality of set,
cardinality of a bifuzzy set.

I Introduction

In paper of Manko (1992), attention was drawn, for the first time, to the possibility of
constructing a probability measure for bifiuzy events. This construction consists in
making use of a probability space (E,J P) in the ordinary sense, i.e. in the one that 3
denotes the o-field of subsets of a set E and P - a probability measure on J and
applying it to the intuitionistic finzy set theory of Atanassov (1986) (in our terminology:
bifivry set theory). Therefore, in the family IFS(E") of bifuzzy sets

{(*, a(x),v(r)):.r e E and p,v: E-+ (o,t) and 0 s p(x) +v(x) < l}

we consider only those sets for which membership functions ,u and non-membership
functions v are measurable. Such sets are called bifuzzy events, and the family of them
is denoted by IM(.E"). Then the probability of abifirzzy event le IM(E") is defined by
Manko (1992)

c u , ( x ) + l - v . ( x )
P(A)=  J f  P@x) .  ( l )

E o

The function so defined satisfies the probability properties consistent with
Kolmogorov's axiomatics and, thereby, a number of other characteristic probability
properties. In the special case when v n(x) = l- pn@), that is, in the case of the Zadeh
fuzziness, formula (l) reduces to the formula for probability of a frv4r event, defined in
Zadeh (1968) as
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P(A) = lpn@)P(dx). (2)
E

Gerstenkorn and Manko (1998) presented a conception of the probability of abifuzry
event in the form of abifuzzy set, and not, as inZadeh (1968), ofa real number. This
conception agrees with Yager's proposal of a fu2ry probability and, analogously to it,
describes the so-called bifiEzy probability of a bifuzzy event. The concept is based on
the notion of an (a, p)-level of a bifilzry set and the so-called extension principle
(Stojanova, 1990) for bifi;r;zy sets. Their ideas are explained below:

Fornumbers a,B e(O,t) suchthat a+B<1, bythe product of apur (a,B)

bifazzy set I e IFS( E') we mean the bifuzzy set (a, B) * I of the form

(a ,F)*  A  =  { (x ,a .  Fn(x ) ,  F  +( l -  h .v ,  (x ) :  x  e  E \  .

Then the set

Ao.B =(x e f  :p/x) > anv n@) s B\

is called an (a, p1-level of the set A e IFS(E) , whereas the set

N 
".8(A) 

= 
{{r,1,0): x e A".ol (5)

is called a bifuzzy analogue of the (a, B)-level of the set l. With that, in virtue of
formula (3), we have

(
(a,9)* N",p(A) = 

\{*,a B): x e 'l".pl . (6)

Stojanova (1990) proved the theorem on the decomposition of an arbitrary bifilzzy set A
into its (a, p)-level in the form

1=l)1o,Ê)*  N 
" ,0(A)a,p

where the symbol [rl denotes the union in the bifuzzy sense (Atanassov, 1986) and

extends to all a,B = (O,t), a + B <l .

Let now f : E + Z be any function in the ordinary sense and let E, L be arbitrary

non-fuzq sets. Let I e IFS(E) . The formula

.f (A) = {(f Q),pn(o,v,(x)): f (fl e Ll (s)

defines the image of the set I under the mapping f, that is, extends the action range of
the function/from sets in the ordinary sense to sets in thebifuza sense. It is convenient
to write (8) down in the form

f (A) =u@,n* f (N".p(A)) .

and a

(3)

(4)

(7)

(e)
e,B
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Formulae (8) and (9) are the contents of so-called bifuzzy extension principle
(Stdanova 1990).

Now, using the probability function P in formula (9) and keeping the assumptions
about the function P and the set I as in (1), we obtain the so-called bifrvq probability
F1l7 of abifrr?zy event A eIM(E) in the form

F1t1 = U@, n* p(N 
".8(A)) .

a,P

The above procedure is a generalization of that proposed
discussed by Gerstenkom and Manko (1998).

2 Numerical example

(10)

by Yager (1979) and was

Let E = l*r,rr,"r,to,rr) b" the set of five persons engaged professionally in economy.
Consider for them a set A of ,,good economists". Adopt arbitrarily:

tr = {trr,0.3, 0.6), (x, ,1, 0), (xr,0.8, 0.1), (x0,0.5, 0.4), (xr,04, 0.f } .

Assume that, as a result of some random experiment, individual persons are being

chosen with the probability equal to { for.u"t of them.

Then, according to formula (l), tie probability of the event I of choosing a ,,good
economist" from the set E is equal to

l l
P ( A )  =  

5 . ; ( 0 . : +  
I  - 0 . 6 ) + ( l  +  I  - 0 ) + ( 0 . 8 +  I  - 0 . 1 ) +

+ (0.5 + I - 0.4) + (0.4 + I - 0.5)) = 0.64.

In accordance with procedure (3)-(10), we then have in succession:

Ao. t .o .a  =  { r r ,  * r ,  r  r , *  o ,  r  r \ ,

Ao.q,o.,  = \*r ,*r , '0,*r l  ,

Ao.s,o.c = { tr ,*r , ,ol  ,

Ao.s,o.r = {rr,*t\ ,

A,.o = {xr\ .

Other (a, p)Jevels reduce to the above ones.
ln consequence, we further have:

No.r,o.u (l) = {(x,,1, 0), (xr,l, 0), (x'1, 0), (xo ,1, 0), (rr,l, 0)} ,

N o.o.o.r(A) = {(x, ,1, 0), (x,,1, 0), (xo ,1, 0), (x91, 0)} ,
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No,.o.n (l) = {(x2,i, 0), (xr,1, 0), (xo ,1, 0)} ,

No.r.o.,(l) = {(x2,1, 0), (x'1, 0)},

N,.o(l) = (x,1,0)).

Then:

{Nor,o u(l))= t, r(lroo,r, (,4))= 1,

r(,r,ror,o.o1,n;) = 
J, "(trr,r,,r, 

= 
?,

e(.nr,,rt,nl)= |
or, in the bifinzy notation:

r(lro,,o.u 1z;)= (t,t,o1), r(lroo.o,1z;)= 
{(i,tr)},

/  \  ( (z  \ l  /  \  f (z  ) lp(N'5,04(r)) = 
t [ . ; ,  

t , r)1, p(No,.o, @)) =t[ ; ,  t ,  oj l ,

,  \  { ( t  \ lr(n,,,1,ey) = 
t[;, 

t, o.,l]

Then formula (10) yields the result:

F1t1 =(0.3, 0.6)r, {tr, r, o)} u (0.4. o.t. 
{(1 

, t, o) 
} 
' (0 s, 0 4)- 

{(; 
, t, o)}

( ( t  \ l  f (  r  \ lu (0.8, 0 t)'-1[;, t, o,J]v (r, 0).1[;, t,o)J=

|  (+  \ / r  \ ( ' t  \ / r  
) . |= 

{{t, 
o.l, o.O, [i, 0.4,0.s),[;, or, ooJ, [;, 0.3, 0.1J, 1.i, t' or.1

3 The cardinality of abifuzzy set and the classical probability

Let E stand for a finite non-fvzy set, that is, E = {xr,xr,x3,...'t,}. L"t a bifuzzy set

,4eIFS(E) be given, described by a membership function Pt(x,) and non-

membership function v t@i) i = 1,2,3,...,n. We adopt

DEFINITION l. By the cardinality of a set I we mean a non-negative real number
card A defined to be
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card A= (1  1)

Note that formula ( I I ) is a generalization of the notion of the cardinality of a fi,vzy set,
proposed by de Luca and Termini (1972) and, in the case of the reduction of bifuzziness

to the Zadeh fuzziness, reduces to the formul a I Al=f pn/) ,

Extending formula (9) to a function f = card , we are in a position to give a
definition of the so-calledbifi,vzy cardinality of a bifuzzy set:

DEFINITION 2. By the bifiizzy cardinality of a set ,4 e IFS(E) we mean a biruzzy
set cardrA defined by the formula

card, A =l)1q, g* card N 
"'(A)

S pr ( r , )  + l -vn(x , )

k2

(r2)
a,B

where the btfvzzyunion [-f extends to all numbers a,pe(O,t) such tlrrt a + B <1.
Let us now notice that formula (12) is dual to the notion.of the fuzzy cardinality of

thefuzzy set defined by Zadeh(lgg7) æ lAlr =l)a*lA"l.

Now, assume that we have defined in E a probability function according to the
Laplace assumption, i.e. that each r, e E is equally privileged and appears, as a result

of some random experiment, with the probability 1 for any i e{1,2,...,n1. ln

conformity with the so-called classical l,aplace definition of probability, we then have,
for I eIFS(E),

p(A) = + = !fI,* ^rx, ) + I - v, (x, ))=cardE nîL
r  ,  (13)

=Ei(o ̂ rr, ) + I - v n@ ))' p@,)

which is a special case of formula (l) and, at the same time, agrees with the classical
version of probability calculus.

Using now Definition 2 of the bifvzzy cardinality of abifuzzy set, we have

F 1t1 = ## = #p,(a, F)* card N ".p(A) =

= poro, n.Yffi =l) 7o, g* P ( N ".p ( A))

which, in turn, agrees with formula (10).

(14)
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4 Example (cont.)

Coming back to the set ,4 e IFS(E) of ,,good economists", considered in Section 2, we

then have, according to (l l),

card A= ;((O.r + I - 0.6) + (l + I - l) + (0.8 + I - 0.1) +
-

+ (0.5 + I  -  0.4) + (0.4+l -0.5)) = 3.2

whence

card A 3.2
P ( A ) = - = - : l  = 0 . 6 4 .

card L )

Whereas using (12), we have and, in consequence,

card , A = {15, 0.3, 0.6), (4, 0.4, 0.5), (3, 0.5, 0.4), (2,0.8, 0.1), (1, l, 0)} .

Then

-  ca rd ,A  (  (+  )1 r  \ ( z  \ f l - ^ ) lF çn1 = -ffi = 
{{t,0.:,0.0), I r,o.r,o.sJ, [.;, or, o.o), [;, 0.8 0.1J, [.;, t, o,,; 

I
which is identical with the result obtained in Section 2.

5 Discussion

Various conceptions of the cardinality of a bifuzzy set, proposed here, axe
generalizations of the concepts of a fvzzy set (De Luca, Termini (1972) and Yager
(1979)) and, like the latter ones, can be applied in probabilistic computations for finite
bfi;u:zy events. Their unquestionable advantage is the simplification of calculations in
comparison with Yager (1979) and Zadeh (1997) when the support of abifi;zzy event is
finite and each of its elements is equally possible in some random experiment.

6 Conclusion

The ,,numerical" Conception, though much easier in calculations, may arouse doubts
conceming iæ adequacy to the bifrizry situation. In tum, the bifuzzy conception is more
toilsome in computations but, at the same time, more intuitive' The choice of a
conception depends on the situation.
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