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Abstract
This paper proves that the Boolean connectives and the recursive functions -i. e. the rational

order- are generable by hyperincursive algorythms -i. e. 'chaotic' phenomena- as the above
Hesiodus' verse affirms. But, for the archaic ancient Greeks, chaos -the space that is enclosed
between sky and earth [Xùoc = 1ù (f loç =cavus = cave?]- does not mean disorder. Were they
right?
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l. Dubois' Algorythm for Sierpinski's Triangle and Dubois' Succession
Consider the ic iterations of Dubois'

Now consider the superimposition of such iterations with a progressive down diagonal shift:

Given the last superimposition, every non null cell of every iteration superimposes itself to null
cells of other iterations only. Assign the number n to non null cells of the n-th iteration. So we can
conserve the entire information of all the iterations in a sole table. We have:
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The tables that represent such superimposition of a number at will of the iterations of Dubois'
algorythm for Sierpinski's triangle can be obtained by a composition of two hyperincursive
algorythms, stage by stage, F(S) where S denotes the known Dubois' algorithm for Sierpinski's
triangle and F another opportune hyperincursive algorythm. Suppose that F is implemented on a
matrix 'b' and S on a matrix 'a'. F(S) is represented by this flowchart:

Start
-t

I
Stage I ofS

a(0 , I  )= l
S tage I  o fF

b(0 ,  I  )= l
S tage 2  o fS

a(i. j)=(a(i, j)+a(i- I , j)++a(i, j- I )) mod 2Stage 2 ofF

b(i+Numlter- I .j +Numlter- I )=Numlter* a(i,j )+
+b(i+Numlter- I,j+Numlter- I )

Stage 3  o fS

a(0,i)=a(MAX,i) a(i.0)=a(i.MAX)

Stase 3 ofF

b(0,j)=b(MAx,j) b(i.o)=b(i.MAX) Stage 4 ofS

ls the first S iteration equal to current
S iterâtion? (y/n). Put the result in T

Stage 4 of F

Is Tequal to y?

Call the F(S) result matrix Dubois' succession and denote it by DS.

2. Dubois' Succession as Fundament of Numeric Calculus and Boole's Algebra

Assign to every cell of DS a couple of non negative integer.indexgg. Th9 highest cell.most to
the left hai indexes b, 0 and the indcxès increase towards the right and in a downwards direction.
So, denore every cell of DS with indexes i, j with the symbol DS(ii). Consider the set lT
={1,2,3,...} We can define two llxl l-+I,I applications: frQunt) = p by putting frQ4m) = p i lf

DS(n , rr )=p and N(m,n) = p by putting N(mst) = p iff DS(n -1, nt -l)+l=p

Theorem 2.1,t Every recursive functiort on Id derives from fr(nut) by applicatiorts. o/ substitution

f (n) = s(h(n)), recursion ,f(r) = r".(,r(r) = s(,r)11(ru(u)) = l,(,f(,,))), F-op"'uto. f (n) = P*(s(n,k))
(we assume 1 as minime number obviously).
Proof:
a) function minitnal nuntber Z(n)=1' Z(n) = 9(,r,uk(9(n'k)));

b) function nunrber succe,ssor N(rl) = n * l: N(n) = fr"Qt,n);

c) function nuntber predecessor èQt) = n - L. â(n) = rc.(311) = tlâ(lrQt)) = 
") 

;

d)  funct ion nuntber  sunx n+m..  n+nt=rec(n+l=N(n) ln+N(nr)= N(n+n)) ;

e) functionpo sit ive dffirence n-nti n- nt= rec(n- t = âftr)ln- N(rn) = ô(n - nr));

f) function left projectiort IJ12(n,m)=1 1 Ul(n,nt)=n+m-nt;

g) function right projection Ul(n,m)= m: U'?r(n,m)= n+ m-ni
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h)funct ionproTect ionU!(n, , . . . ,n , , . . . ,nr )=n, : tJ ! (n, , . . . ,n , , . . . ,nr )=Ul(n, ,U|( . . .U?(" , ,Uî1, . ;7) . ) )
i) It is a known result that minimal number, number successor and projection are a compléte
system of primitive recursive function, i. e.ve can obtain any recursive function from thedr by
substitution, recursion and p-operator. This last fact proves the theorem.
Theorem-2.2: If we transpose a set of Boolean functiorts of length l, and then, we transform the
obtained horizontal veclors in binary numbers by substitutioit of ihe ffuth value true with"the digit
I and tlte truth value false with the digit O, and that we tansfontt tlrc obtained binary nuntbers"in
decimal numbers, arul finally we increase such decimal numbers of one, then thà connectives
anrcng such Booleanfwtctions become nunteric operatiotts and they all derive from &(m,n).
Proof
a) Example of transformation of a Boolean function of length / in a decimal number.

a0) Consider the Boolean function 
o 

where I =4 evidently;

al) its matricial transposition is iO/l;
a2) its coresponding binary number is 101 1;
a3) its corresponding decimal number is l . 23 + 0' 22 + l. 2t + l. 20 = l | :

b) Example of NAND table (i. e. a table of Sheffer's connective) for Boolean functions that are
transformed in decimal numbers according to the procedure in a): put / =4, we have:

I
z
3

5
6
7
8
9
t 0
I I
t 2
t 3
l 4
l 5
l 6

c) Define NAND(/, nt, n )=p the nunteric function such that m and n are decimal natural numbers
that correspond to two Boolean functions of length I according to the procedure in a) andp is a
decimal natural nurnber that corresponds to the NAND of two such Boolean functions.
d) define m' as rec(mo = llrno = ,r.^t'^l).

e) Given the table in b) and its generalization, we deduce NAND(/, m, n )= (Z' + t) - ft(m + l,n + l) .
0 All the Boolean connectives are equivalent to compositions of Sheffer's connectives (connectives
NAND). This last fact proves the theorem.

3. An Example of Boolean Calculus by &(n,n) = DS(n - t,rrr - t) + I

Consider the wff Cpq. To calculate its truth functions, transform Cpq in its equivalent wff
DpDqq where D is the Sheffer's connective, i. e. the NAND connective.

Build an opportune calculus table. Observe that the lenght of the truth functions / is 4.

Now, transform the truth functions in decimal numbers. We have:
I 1 00 = l l0Or= (t . 23 + l. 22 + 0. 2r + 0. 20),o= l},o=12

|  2  3  4  5  6  7  8  9  l 0 l l t 2 t 3  t 4 t 5 1 6

1 6  1 6  1 6  1 6  1 6  1 6  1 6  1 6  1 6  t 6  t 6  t 6  t 6  1 6  t 6  t 6
1 6  t 5  1 6  t 5  1 6  1 5  1 6  1 5  t 6  1 5  1 6  1 5  t 6  t 5  1 6  1 5
t 6  1 6  t 4  1 4  t 6  t 6  t 4  t 4  t 6  t 6  1 4  t 4  t 6  t 6  t 4  t 4
1 6  1 5  1 4  1 3  1 6  1 5  t 4  1 3  1 6  l 5  t 4  t 3  t 6  1 5  t 4  t 3
1 6  f 6  t 6  t 6  t 2  t 2  t 7  t 2  t 6  1 6  1 6  t 6  t 2  t 2  t 2  t 2
t 6  1 5  1 6  t 5  1 2  l r  t 2  n  t 6  t 5  t 6  1 5  t 2  l r  1 2  t l
t 6  16  14  t 4  t 2  t 2  10  l 0  16  16  14  t 4  12  t 2  t 0  l 0
t 6  1 5  1 4  1 3  1 2  l l  t 0  9  1 6  t 5  1 4  t 3  t 2  i l  I 0  9
t 6 1 6 1 6 1 6 1 6 t 6 1 6 1 6 8  8  8  8  8  8  8  I
t 6 1 5  1 6 1 5 1 6 t 5 1 6 1 5  8  7  8  7  8  7  8  7
1 6 1 6 1 4 l 4 1 6 1 6 1 4 1 4 8  8  6  6  8  8  6  6
t 6 1 5  t 4 1 3  t 6 1 5 1 4 1 3  8  7  6  5  8  7  6  5
1 6 f 6 t 6 t 6 t 2 l 2 t 2 t 2 8  8  8  8  4  4  4  4
1 6 1 5 f 6 t 5 l 2 I l  1 2 t r  8  7  8  7  4  3  4  3
1 6  1 6  1 4  t 4 t 2 t 2 l 0  t 0  8  8  6  6  4  4  2  2
1 6 1 5 t 4 1 3 1 2 l l l 0 9  8  7  6  5  4  3  2  |

t
l

0
a

,
I

0
I
0

0
,
0
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I 0 I 0 = l}l}.t= (t '  Z3 + O . Z2 + l. 2t + 0 . 20 ),0= l0,o= l0

So, the calculus table becomes:

by developing the calculus we have:

D p D a g .
12  17 -12  l 0  l 0

D p D q _ g _
ffi

D p D q q

D p D q q

(2"  + l ) -  N(12 + l ,s  + l )

D p D q q

D p D q q
ffi

D P D q q
ffi

Now, transform the truth functions in decimal numbers. We have:
1 1 = l l r o = l 0 l 1 z  = 1 0 1 1

12=12rc -11002=1100
5=5ro=0 l0 l r=9191
l 0 = 1 0 , 0 = 1 0 1 0 2  = 1 0 1 0

So, the calculus table become* 
, p D ct ct

ffi
0 1 1 0 0
1 0 0 1 1
1 0 1 0 0

NAND(4,10,r0)

( z '+ r ) -W( ro+  l , l o+ l )



I

The most left truth function of the calculus tabb I is the searched rruth function of Cpq.
I

I

4. A Computer Program to Calculate the Dubois' Succession

/ * * * * * * * * * * * * * * * * * * * * * * * * * * : t * * * : * * * * * * * * * * * * * * * * * * * * * * * * * * * . * :Ë : f , : r : t  * : t  :Ë** * *  rk
* *
* DUBOIS'SUCCESSION
x<

x

* Arturo Graziano Grappone
x Editor-in-Chief of "METALOGICON"
* Via Carlo Dossi 87 00137 ROMA (ITALY)

*
*
+
:f

:*
:1.

'F

* Alpha version 'F
T *

* * * * * * * * * * :È * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * : r * * * :È * * : 8 * * * * * * * * * * * * * * * * *  * /

/* INCLUSIONS */

#include <stdio.h> /* Standard inclusion */

/* CoNSTANTS */

/* Array management *l

#define IOVF /* Index overfolw *l
#define C2OF /* Cell overflow in 2-dimensioned arraves *l
#define MDGT /* Maximum of element disits in the sireen *l
#define MCOL /* Maximum of array coluùns in the screen *l
#define MROW /* Maximum of array rows in the screen .. *l

t 7
(rovF*rovF)
2
20
(80 4DGT)

/* MACROS */

l* Anay management x/

#define IN(A,B) /* Double index */
#define MN(A,B) /x Minime number xl
#define F(A,B,C) /* FOR loop for array *l

(A)*IOVF+(B))
((A)<(B)? (A):(B))
for((A)=(B) ;(A)<(C) ;+r(A))

/* OBJECTS */

/x Pause */

class Pause {
public:
char exe(void); /* Like to the command PAUSE of MSDOS */

l ;
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/* Integer Aray */

class IntArr {
public:

int alc2oFl;
virtual char init(void);
virtual char show(void);

] ;

/* Stack2 Array */

class St2Arr: public IntArr {
public:

int blC2OFl;
virtual char init(void);

char push(void);
char pop(void);
char test(void);

l .
I t

/* RAM address of array
/x Put a[] to zero
/x Show a[] on the screen

/* RAM address ofbackup array *l
/* Put a[] and b[] to zero */
/* Backup a[] in b[] *l
/* Restore a[] from b[] *l
/* Compare a[] and b[] *l

*l
*l
*l

/* Cumulative Array */

class CumArr: public St2Ar {
public:-int 

N[1]; /x RAM address of counter 'Él

int c[C2OF]; /* RAM address of cumulative array al

char init(void); /* Put every value of a[], bU, c[], N[] to zero *l
\ .
J ,

/* Sierpinski's Triangle by Dubois'Algorythm x/

class Sierpinski: public CumAn {
public:
char Sstagel(void);
char Sstage2(void);
char Sstage3(void);
char Sstage4(void);
char Sexe(void);

l .
a .

/* Dubois' Series */

class Dubois: public Sierpinski {
public:
char DStagel(char k);
char DStage2(char k);
char DStage3(char k);
char DStage4(char k);
char Dexe(void);
char show(void);

t .
l ,

/* First stage ofhyperincursive function *l

/* Second stage ofhyperincursive function *l

/* Third stage ofhyperincursive function */

/x Fourth stage ofhyperincursive function */

/* Dubois' algorythm for Sierpinski's triangle x/

/* First stage ofhyperincursive function *l

/* Second stage ofhyperincursive function *l

/* Third stage of hyperincursive function *l

/* Fourth stage ofhyperincursive function *l

/* Dubois' algorythm for Dubois' series *l

/* Show c[] on the screen *l



/* MAIN OFPROGRAM */

void main( void ){
/* Declarations *l
Pause p;
Dubois x:
/* Execution */
x.DExeQ;
x.showQ;
p.exe0;

/X FLTNCTION BODIES */

char Dubois::show(void) {
/x Declarations */
int ij,r,k;
/* Execution */
printf( "\nRESULT:\n\n" );
rMN(MROIV,IOVF);
k=MN(MCOL,IOVF);
F(i,0,r){
F(i,O,kx

" VoO2d", cllN(ij)l%100 );
l
printf( "\n" );
l
return 0;
I

char Dubois: :DExe(void) {
/* Declarations */
/* Execution */
DStagel(SStagel0);

do{
DStage2(SStaCe2O):
DStage3(SStage30);
)while(
DStage4(SStage4Q));

return 0;
)

char Dubois::DStage4(char k) {
/* Declarations */
/* Execution */
return k:
I

char Dubois: :DStage3(char k) {
/* Declarations */
inti,m;
/* Execution */
m=IOVF-1:
F(i, I,IOVF) {c[IN(O,i)]=s[IN(m,i)];c[IN(i,0)]=clIN(i,m)l; ]
return 0:
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char Dubois: :DStage2(char k) {
/* Declarations */
int ij,r,h;
I=IOVF-*N:
h=IOVF-*N;
/* Execution x/
F(i,1,r){F(i, l,h){
c[IN(i+*N j+*N)]+=(*N+ I )*alIN(i j)l ;
l )
return 0:
I

char Dubois: :DStage I (char k) {
/* Declarations */
/* Execution */
return 0;
)

char Sierpinski: : SExe(void) |
/* Declarations */

/* Execution */

I Sstagel0;
do{
SStage20;
SStage30;

I )while(
I sstage4O);
I retumO;
l l

char Sierpinski: : SStage4(void) {
/* Declarations */
/* Execution */
+rN[0];
if(*N<2) return 1;
else return ltest0;
)

char Sierpinski: :SStage3(void) {
/* Declarations */

int i,m;
/* Execution */
m=IOVF-l:
F(i, I,IOVF) { atIN(0,i)l=stIN(m,i)l;alIN(i,0)l=a1pq1i,*11',
if(*N==0) push0;
return 0:
| ,rn



char Sierpinski: : SStage2(void) {
/* Declarations */
int i j ;
/* Execution */
F(i,l,rovF){Fû, I,rovF) {
a[IN(i j )]=(a[IN(i j )]+alIN(i- I j )l+allN( ij- r)l)7o2;
l l
return 0;
I
t

char Sierpinski: : SStage I (void) {
/* Declarations */
/* Execution */
init0;
a[IN(O,1)]=1;
return 0;
)

char CumArr: :init(void) {
/* Declarations */
int i;
/* Execution */
*N=0;
F(i,O,C2OF) { a[i]=0;![i1-n;cli]=0' l
return 0;
)

char St2Arr: :test(void) {
/x Declarations x/
char truth=l;
int i;
/x Execution */
F(i,O,C2OF) { 1ti6x=(a[i]-=blil); ]
return truth;
l

char St2Arr::pop(void) {
/* Declarations */
int i;
/* Execution */
F(i,0,C2OF) { a[i]=b[i]; ]
retum 0;
l

char St2Arr: :push(void) {
/* Declarations */
int i;
/* Execution */
F(i,0,C2OF) { b[i]=a[i] ; ]
retum 0;
)
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char St2Ar: :init(void) {
/* Declarations x/
int i;
/* Execution */
F(i,0,C2OF) { a[i]=5;61i1=3' 1
return 0;
)

char IntArr: :show(void) {
/x Declarations */
int ij,r,c;
/x Execution */
printf( "VTRESULT:\n\n" );
r=MN(MROW,IOVF);
c=MN(MCOL,IOVF);
F(i,0,r){
Fû,0,c){
printf( " 7oo2d", allN(ij)l7ol00 );

irintf( "\n" );
)
return 0;
l

char IntAn::ini(void) {
/* Declarations */
int i;
/* Execution */
F(i,0,C2OF){ alil=0; }
retum 0;
l

char Pause: :exe(void) {
/* Declarations */
char c;
/* Execution */
printf("\n\nTo continue push [ENTER]... ");
while('\n' !=(c=getchar0)) ;
return 0;
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