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Abstract
Iu this l)itl)er, rve presettt attt itttrorltrcti<nr to tlre tlreory of cotnprrttrl-rility anrl crrnrplexity
over rr rirtg prop<tserl lly L. Bhun. NL Shrrb trnrl S. Stutrle irr [Bhurr-Slurl>Srnale-1989].
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1 Introduction

Itr [Bhutr-Slrttlr-Srrrrrle-1f]81)1, Lenore Bhun. N{ike Slnrlr rurrl Steve Snrale hrrve <level-
t4rerl ir getterrtl theoty of cottrlrtttatiou (the flSS-rn,txlr:l) in lvhich t,he srrrnllest codrrble
ittfonrrirticnt eletttetrts lrtùnrg to a ling,4 (or tr fielrl) rurrl rvlxrse lrtusir: r4rerr'ltions trre this
rittg's olleri lt i tnts itttt l  sottte tests. It tr lLrl 's therrr to strrrly rtsrtal ir lgorit lrrns corning turder
(nrurrcricirl) iurtrlvsis, geotrtetry. olltiruizrr,tiou anrl tc4rokrg.y, rvhir.h deirl with c<.rrrtimrous
tlttttttritts, ils IR. ilrrrl (f,, iurtl so, fiu' which tlre <'lirssicrrl theory of <rlnrprrtability trnd corn-
lrlexitv (<leveloperl firr ex;unple lrv (liirlel. (llrrrrr-h rur<l Turing) is inappropriate lrectruse
restritrterl to rlisr:rete Prrrlrlerns.

Irr the BSS-rrxrrlt:I. irtt tr"lgorithrrr is rlesrrilrerl trs ir rrrrichine ,41 chrr,rrging au iuptrt ,!l e A'
(À; e N1y u {o"}) irrto tlte otttllut g17(y) tlrrurks to tl fiuite se(luelr(:e of polvnornitr,l trrus-
fontri lt iotrs (ratiotrir l i f ,4 is rr f iel<l) srrl lrnitterl to tt:sts ": 0'/" or'") 0'1" if ,4 is cx'dererl.
Note tltirt the slxrcittl <iùse À;: oo alkrlvs to riesr:rilre geirerirl trlgrrritluns (in particrilar
tttrifirttn with tlrc rltlritrtr,y size of their iuprrls) iur<l to llril<l rur ruriversal rnar:hitre trble to
sitntrlrrte irny otltet' rrriuùirre.

Two essetttiirl lrreor'<:tqrertiotts of iuly ({)lnlnltir.tiorr rrrorlel irre. ()l} the oue lrarrd, to
<lesttilrr': <:tnttlltrtirlrle tttiqrs itt t,he seuse of the rrxrrlel (unrt.7trLiltltil,i,ty) twd rnr the other
Itiitttl, t<r estittttile lrleitl)s lle(:cessir,rv t<l reilize t,he evtrhtrrtiou of these llaps (rnrqtlenity).

Thet lest l ip t i tn tof r r rut l l t t t i l l r le tnrr l rs i r r t l reBsS-rn<xle l - i .e .  ur i rpsgr^/ - is fonnal ly the
siune thiur irr cliussictrl theory; in particrrlirr, it is inrlel>errrlerrt of the <xrlererl ring A. These
lllal)s are tlte rer:ttrsive olles over tite ripg- A 6lrttrilerl 1i6r1 s61te lrtrsic maps an{ 1rles.
Rrr exrrtn|le, wheu A =- n, they ir,re exixrtly the rnirlls <ruulnrte<l lrv Tirr.irrg;'s utacliues.
Dolttititrs Q1.1 aurtl <rrrltnttiritts glr(Qrr) of rnnqxrtalrle lrlirl)s rlre also sturlied to letrcl to
resttlts trtrrttter:tittg tltese sr:ts (r'espectivelv ca"lled Iut,l,tirul s(irs iul{l ou,t4utt.sef.s) nnd serniiil-
geln'tic sets [Bhun-Slnl>Stntrle-1.91J9, Bhurr-Srltrle-19u1], Csrla-1ligl'r, Meer-l\.{icharx-1g97,
Mercier- I gflf), N{i t:ltiutx- I r )!X), Srri nt,,l rnes- I I}l )l-rl.

As frlr the tlteory of <xrtrtplexity of the BSS-rrxrrlel, it <lelleuds qlpreciabl.y on the ring
A. Here il,r'e solue ilhwtratiorx.

The <lefirtitiotr of the rrn4rlexitv fiurctiorr involves l notion of heiglrt which is define<l
exlrlicitlv Jlv Blrurr. Slnrlr arrd Stttale only ()ver s()llre riugs: 'n, 

Q, IR,, whtrt sonretimes
r:r"rrrrplicrltes the triursllositiorr of Tttr.ing's rnetho<ls.
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Classicttly, the <xlrqrlexity rrla,sses (srrtir tus the cltrss P of decidalrle prrrblerns in polvnr>
rrriiil tirne, the cla^ss NP of verifia,ble prrrlrlenrs iu polvrxrnrial tirne, ...) are often definefl
irt terrns of rlecisiorr problenn. Maylle $olDe rerLsons to do so is tlrtrt it is technically ea,sier.
atrd ltra,ctictrlly lrctter srrited thir,n studving directly crur4llexitv of functions. Morarver, it
is justifiecl by the ftrct [Lewis-Papiulirnitrinu-19ttl] tlrttt the computability of a map / in
the sense of T\u'ing is erlnivalent to the clecridability of its graph Çr. ln the BSS-model, if
it is always trrre tha,t the cornprrtabilitv of / implies the <lecirlallilitv <>f Çy, the converse
is false: it is tnte over arr rrlgebraically closed fielrl (f<lr example, 0l) [Ceola-Lecomte-tgg7]
bttt over lR., we tralt slxrw [Ceola-1995] maps whic.h tu'e not ccunprrtallle lxrt whose grap]rs
are deciclable.

In T\rring's theory, it is easy to prrrve that trny problern in cltr"ss NP is decidable. But
in tlre BSS-model, this esse.ntial fact is not true in lieneral. At first, oveî A: IR., the clecid-
ability of probletns itt clir.ss NP comes, via a nou trivitrl way, firrnr the e.xistence of a prob-
letn in cltr,ss NPC wlurse rlecidallility resrrlts fronr the exponentiir,l nlgorithm of qua.ntifier
eliruinatiorr of Ttlrski-Seirlenbe.rg [I(reisel-Iirivine,-1967, Renegar-1989, Seidenberg-195a].
Afterwards, a general result [Goode-1994] clurrncterizes rings over w]rich prolllenrs in class
NP are decidallle, as lreing rings whir.h adrnit <lrautifier elinrination.

At la^st, the va,lidity of the c<.rniecture P + N P seerrrs to rleperrd on the ring A. Auywtr,v,
it is ftrlse in sorrre variatiotrs of the BSS-nxrdd [Meer.1992, I\,Ieer-lgfJ3a], irr which the basic
operations a,re modified.

Most of trotations a.trd resrrlts cite<l or userl in tlûs pqrer corne frorrr the original pqler

[Bhrm-ShtrbSnrrile-1989]. Proofs trre rxlt iuchtdetl in this geuera,l presentation llut ceur be
frlurd in referen<-.es.

2 Basic Definitions

Let's clescribe lrriefly the rnnæpt of ftûtt: d,i,rn,ensi,on,t,l, rrt,a,t'Jûn,ct (irr normal frrrm) over
a c.omtrrrrtative rirr11 ,4. It crrnsists of tr,n ùr,1ntt s1xt,ct: D : Ak (À: e IN61), a siltte s1nce
E: At (l e IN,,), t'rn utt4tut.sqttt,ce R.: A''' (nr. € lNly) ti,rrd tr directed trçr'aPh whose nodes
are ltr,lrelled 1,. . . , N. These nocles belong to one of the f<lrr f<rllowing types:

(i) input nule:: crtly norle 1 is of this type; it has rro inconring edi;e, ouly one outgoing
e<lge to it,s n,er:t, nodc: fi(I) and is chtrracterize<l lry the linetrr iujective map i : D -
E : 'y ,- (y,0'-*);

(ri) out7nr,t rt"ode: o:nly ttocle N is of this ture; it hir"s uo orrtgoing e(lge iuxl is characte.rize{
by the l iuear rnap s: E -,8 which with z associates (rr,...,e;,,,) if I ) rru ancl
("t, . . ., :r1,}'n-t) otherwise;

(iii) computltiorr, rt,od,e: srtr'h tr, rrode rr. hir.s a single outgoirrg erlge to its n,at:t norle p(n)
an(l is charilcterized lry a polynornitil ruap gn: E - E; iLA is a field, the rnap g.
ca.n be rationirl;

(iv) bntnch norJc: sttclt rr node n. hzrs two outgoing edges to it,s net;t nodes B- (n) euxl
[J" (n,); if :r is tr .sfatr: (that is an element of ,E), the node //- (zr.) is borrnd up with the
conrlition rr1 : Q (e;1 < 0 if A is or{ererl) 1n{ the 111{e /i+(zl) up with the condition
h * 0 (r,r ) 0 if .4 is ordere4).

rThe set lN1; <r'rttsists of all stridy l)ositive iutegers arxl lN is the ruriorr of lNo arxl {(}}.
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An inf,n,ite di,rn,en.si.o'nu,l mo"ch.ine (in norrnal forrn) over ,4 consists of. ur inpu,t space
D : Ak (À; e INoU{oo})\ , tt" stote spo,ce: E: INo X IN6 X A-, an ou,tTtrtt spttce R.: A* (m e
IN6 U {oo} ) ancl tr, tlirected grap}r. Elements of -E are irrcle.xed from -1; c,omponents of index
-1 arrd 0 a,re the rxnruters of the state turd so, of the rnachitte. Ncldes belong to one of the
five fnllowing tylres2:

(1) input 'nal,e: t,lrc lineitrr injective lnap i : D -+.O is clefined by

(  i - ' ( 'u)  I

| 
'i'('u) : I

) tz(u) t('y)

I ir,-tfu) : lJr if I < r < l(y)

I i r , ( ' t t )  :  o  i f 2 1 r ' 1 1 ( Y ) - t
I r , . ( : , / )  0  i f r > 2 1 ( y )

where l(y) is the leng-th of y, i.e. the lryeatest integler À srr<'h that ;y1 I 0 (the length
of tl ve<:tor wlxrse rr,ll conrponents il,re zel'o is zero); then

V 'y  e  D  :  ' i ( u )  :  ( 1 ,  1 ,  U t ,  l ( y ) , y r , 0 , ! 1 t , .  . .  , 0 , ; r 41 , y ,0 * )

where 0- is trn irrfirrite se(lllence {rf zenl's;

(ri) uut1tu,t rt.ul,t:: t,lrc linetrr ntqr s : E - rR is definecl lly

V r > l : s , . ( r ) : 1 r , . - r '

(tii) unn1ruirt,tion, rt.od,e: tlte polvttourial (or nrtional) map ln: E -+,8 is clefined by

g,,(r) : (yj,])(",-,),,r0)(,r,,,), glià Q))

where

: IN6 - IN1; : r 'r+ r'I I m' L

: E - A * l

(iv) hrtt:nr:lt, n,od,e;

(v) colty norlr:: srrt:h ir rxrde n. lrtus tr single orttgoirrli edge t,<t it,s nsrt nwle p(n) ancl is
<rlrir,r'trcterized llv tl trttp !,, i E + E srtch tlrat

v'> -l . { v,,. '(,t) . 
-- :I:, i ,[ r * t:,

I  l / " , ' , , (1;)  = i l i r -  t '

R.tnnrtrA:. The <:ou<ept of iufirùte dinrensional tnirt-hine hius lle,etr introdrtced to solve
prolrlerns of sinne kirrd, lry tur uniforrn rnetlur<l whi<'I is indepentlent of the arbitraly
size of the inprrts (f<l exrrrnple, tr polyrxrrnial evtrlutrtor, itxleperrdeut of the degree of the

lThe set A'-' txrrrsists of all ":rltrrrst everv'n'hel'e lutll" sequettces ovel A
2(.)nlv rliflererrces with tLe fiuite (:iLse àre urentiorrnerl.

{ïl
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polvtxrrnittl rrrtqr). This cott<'ePt will lre also usefirl to <lefirre arr universiil rniurlline, whic.h
(:iur siDntlirte tltty other rrtiu:hirre.

Et:u'rrt.7tl,e:. Figlre I shorvs iI fillite dirnerrsional ruilchiue ()ver l[1.. The inprrt arxl ouput
sl)iùces are IR, anrl tlte stir,te space is lfl,2. The rutlt of the ir4rut (respectively orrtprrt) node
is r l  :  IR. * I l i .2 :  ' ! l  è Ql,0) (respectively.s : IR,2 - I [ ] , :  ( t :1,t :2) r- r ,1).

I
I t'es
I
I

ll\:) =,= (;r:1 - l, :r:2 + l)

t
: I : y I 0  !

-  r .o )

Figure 1. A f ini te dimensional machine

Let's rlescrilre llott, it Ittrrt:liitte ,4:ir t,olks or iln irt.pu,t, 17 (l,hat is iiu elerrrent r.rf I)). The
wtrkit tg is cl t i rrar:terize<i lry tr  se(l lren('e of rrorle-st i i te rrnt lr les. At the lr t :girurirrg, we i lre
art rt trr le I  i rr  strrte r:  i ( l ) .We theu go. wit lrott t  chirrrgirrg stzrte, to urxle rr. :  /J( l) ,  next,
t i rxle of the irrPrtt  ruule; i f  n. is tr  <rl tr lxrt ir t i rxr or c() l) tr  l )orie. u'e grr to node / i(n) while

lrrrrr l t t tr i t t l l  l )( ' )$'  st i l te g,, .(L); t f  tr .  is tr  l rr turclr rrorle. the strrt t :  is st i l l  :r :  i tnt l  rve go to uorle
;/-(n) <u i+(rt),  i i t :rrrtr l i rrg to l 'hether :r: t  = 0 (:r;1 < 0 i f  , ,1 is olr lererl)  or r. l 'hether.r:1 f  0
(:r;1 ) 0 i f  ,4 is orr l trerl) .  Thus t ir is rr lnlxrttr t ior i  prru'eetls rurt i l  the (nlt l ) l r t  rrorie N is
reircl iet l  ( i f  ever); rve t l tett  ( 'ol t lnl te.s(e;) i f  :rr  is t , l re state ir t  t l r is rrorie N. We theu say t lr tr t
t,ltr: trrtrt.t'trt,l,rt,t,iorr. stolts ir:ntl yrrxht.r:es f,y(ll) - .t(:r;).

Et:u,rrt1tln. Itt tlte erlxrve extrtrqrle, frx rur irrprtt g < 0, tlre rruu'hirre rrever stops while fcx
att ittlrttt 17 ) 0, it reireirtetlly replru'es tlrr: fir'st, rrurrporierrt of t,lre sttrte '!l l)y'!l - I rlurirrg
it  i t tcretuses. of otte rtrr i t ,  the tt l t tuter ' :u2 ( iui l i i i l lv tr t  zero). As soorr irs t /  is negative, the
(Tnurtr)r rrr inrts rure is the retxlererl  resrr l t .

Tlte lttil,ti.rr.q sd {)71 ol a ntirt:hine ,4/ is the sttlrset of I) of ir4nts ftx whir:h tlre corn-

lrt t t t t t icnr str4rs. Tlre l l l i r l )  gÀr' : f)11 +,R is t l te i ,r t ,1ru,t-tru,t4ru,t,  rrt . t t , ! t .

Etrt,rrt,Ttl,c:.. Itt the trlxrve exiunllle, tlie hiiltirrg set of the urrrr:hirre is the set IR,+ of lxlsitive
reirls rrttrl tlte itriltt<xtt.prtt trtirp (r)llrl)lltes tlte gretltest irrteger iu tr positive real y.

0 ' lI , :r2 !--J!!l- x;

| 
,'.,'

u{ t : ) :  ( t :2

I
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A lrtr,rtirr,l trurp ./ : Y C Ak + fir, (k:,rn, € lNo U {oo}) is unn,pu,tu,lile ooer A if there
exists ir rnu,r:hitre ll1 srrch thtt

l 'C 0,rr t ltrrl qup,. : f .

A srrlrset Y of Ak (À; € IN1, u {*}) is u,r:c:t:7ttutlil,e ouer A if there exists n rnachine w}rose Y
is i l re l r i r l t ingset .  I t is  d.u: i ,dr i l i l ,e :orrc : r 'A i f i t r rnt l i tsrornpletnerr t inAknrebothtrccept t r ,b le
over A.

The firllowilg resrrlt. rvell knorvn iu <rltrssicrrl re<:ut'siou therxy, still holds in the BSS-
rnorlel.

Lemma 2.! A sultsel Y of Ak (k: e IN,, U {oo}/ is de:c:idu,lile ouer A if u,rul onl,y if it.s
r:lumt,r:tt:ristic !u.rt.d,ùn. ,rt,rrr Ak is rnrn.Ttrtfutlilt: uutt' A.

3 LJniversal Machine

hr this set:tiorr. ue present the t:on<:ellt o1'ttuivetstl trtitcltiue rvhit:lt, giverr the code of

a urir,r-hine Iy' over ,4 iurcl au iuprrt 17 of i,1. has tlte siune lrelrtrviolu thtur 114 ou y.

Let's first irrtrrr<hrce the yruxrftrr: rr:1nr:sr:rtl.tttirm o,f u, ytlurt,urt,iu,l frLrr,r:tiort. f : Ak - A

(*; e INly u {oo}). Let rl lre the rlegree of ,/ tr.lrl rrr. tlte tnurtlret of nurttr'rntirrls (of txrtr tnûl

coeffit:ient). Tlre rrlrresettlirtiou rvlticlt llr:knrgs to ,4* is <lefirretl lry

P F R ( i l  :  @ , , k : , ( l i . . . . .  Q 1 .  a 4 . . . . , o i l ' .  . . . . r \ ' : i ' . r t , , , , 0 * )

wlrere the rvl (l < i, < 1,, I S .l S rrr,) irre irrtegers lrets'eeu 0 iur<l À:; iu firct, vitr the
<rrrtvtrt t t iott  " l /p :  I" .  ( , t l  . . .  . ,rv ') ,n,.1) ( l  <.1 < rrt .)  r 'epresetrts t l te t txrtxrtt t i i -J n' iy,, i  ' . . ' ! l ," i ,of

.f . The (n, o) are lexicrrgrrqlhicirlly rnrkrerl. Note tlrat if Â: : oc, it is repLu'erl in PF-B(/)

lly the nurnlret of eflèctivr': virritlrles qrperuirrg in f .

Tlrc uxk of ir rrrir.chirre ,4y' over .4 is the eletrtutt c(,4I) of ,4- tlefinerl as folktws:

( i )  r : ( ,4 f )1  :0  o r  I  iu : t : ru r l i t tg  to .À /  i s  { i t l i te  rn ' iu f in i te ;

( i i )  r :( ,4/),  :  0 r lr  I  trc ' tnt 'r l i t tg to ,4 is tr  trr t t t t t t t t t t t t i \ re r iug or rr l iel t l ;

( i i i )  t l re uext <rrrnpou(: l l ts rue t. l rc uxl,es (t t , , t , , , . ,3,, . ,1., , . ,11,,.)  ol uo<les rvltere

- rr, r'efi.lr's to tlre rxrrle;

- 1,,  is t lx: tvlre o[the uo<le: I  i f  rr .  is the ir4lrrt  rxrr le,2 i f  i t  is the orttprtt  node, l ]

if it is a r-oruprrttrti<nr norle. 4 if it is tr llrarrclr uo<le turd il if it is tr copy rrode;

- / / , ,  is the ttext rxr<le; i f  t , ,  -  4,3,,  -  (0., / j , I) ;  i f  t . , , : '2, / f ,  is ornit ted;

- 1,, itn<l .{,//, iII'e l)Iesent <nrly firr t,, - ll: 1,, is the ierrgth of t}re rlescription of the

lrrtl).qil of the crrrrprrtation uorle rr.; if A is a ring (reslre<:tively a field), .r7, is

rlescrilre<l lry its rlirnerrsion firllowetl lry llowerfi'ee rel)r'eserrtirtiotrs of polytromia,l

fturctions (resllt:ctivelv of nltlneriltcn's a,rrd rletxurtirta,tors) qrlretr,ring in eftèctive

crtrnllorteuts of the state;

(iv) the olrtititterl vector is followerl lly iur irrfinity of zero's.



Theorem 3.L [Blurrr-Slutlr-Srnirle-l9t]9, Ceolrr-l99lt] Tlt,err: c::rists a,n. u,nùterso,l nt,u,-
dt,itt 'eIt[1rouer'A.sut.:ht,lt l t,t.fortt,tt 'yltt,u,r: lt ' i 'rtnA,Iof'f i t, i ,tt:(rr:s1lu:tiueQ1in'| ini ' te.)ir l7ltts1xlce

(resqte:ctintely

I  Qn, , , :  t (c ( i l , f ) , (y ,0 - ) )  € ,4 -  x  A* , , ! /  e  oaa)

\  çv,,  (c(r , I ) ,  (y,  o-))  --  ç n(u)

I  Q r , , : { ( r : ( A [ ) , ' ! / ) e A *  x , 4 - :  y e  f , u )

\ Pr't,,("(M),'Y) : çtt(lt))'

4 Recursive Maps

A bu.sic mu,p ouer A is iury polyruurtial ntrp (or rationtr,l rnap if ,4 is a field) f : Ak - /'"
(k,m, e lN6) as well as the function

if A is ordered. Therefrrre sutrts, prorlrtr:ts, proit:ctir)us, (x)ustiurt firnr:tiotts tnrd the sur:-
cessor fiurction (whidr arlcls otre to its rrrg-rtrnelt) are lrilsi<: rnirlls.

Tlte. comqtositiontf l l trrt ia.l rnaps / ;Yy C Ak - At (A:,1 e INr,) iurrlg:Y,,C At - A'n
(zr e IN6) is the pa"r't i tr l urap 9 o f : f-r(Y) C Ak - A"' ' . l t * g$QtD.

T l r c j u t l . u 1 x t s i t ù r n o | p i v ' t . i i r l  t r r i r p s / , ( l S  i < I , I  € l N r r ) : Y c A k - { t ' ( k : , 1 . 1 , . . . , 1 1  €
INn) is the partirrl rntrp y'r(/r,...,fr) : nli=yY c Ak - Atr'r" 'ttt sudr tlrat fcx all j  e

{ 1 , . . . , 1 r * . . . * l r }
'û$t , . . . ,  f r ) , i ( t l )  :  T; , , i - t , -  . - ro- , ( ! t )

w l r e r e l l + . . . + h - t < ; j  < l r * . . . * h ( f i r r l : 0 ,  l r + . . . l l r - t i s , b y r x r n v e n t i o r i , i u s w e l l
o) .

The prhn,itiut: nxntrsi,tnr, of the lrtr,rtial urrqr ,/ :Yr C Ak - Ak (k € INg) is the lrtrrtial
f i l â l )  

(  ,

g : \ ' , , c l N x A k - A h : {  | t ' ' t ' )  
H  Y

"  
t ( t . + 1 , . 1 1 )  ' t  f k t ( t , ' u ) )

whe re  Y r :  { ( 0 ,u ) : ' g  e ,4 t s }  U  { ( t  + I , ' u )  €  N r r  x  Ak  :  ( t . , ' a )  eY ,  a r r r l  g ( t , y )  e  Yy } .  So
g(t, 'y) is / couqroserl with itself t t irnes q4rlierl to 17.

TIrc m,inirn,u,lixt,tion o1'the partirrl rnap /: Yr c lN x A^' - A (A: e INn) is the partial
map {/ : Yn C Ae * IN :'y r- rrt:irt,{, € N r .f(t.,'ù - 0} wirere Yo : {'U e Ak : 1t. e
IN strch that (1, ' tt) €Yr arrrl /(1, y) : 0).

TIre set Pf,* <f rr:cu,r'.s'i,ut: rn.oils oler A lx:ttncr:'n. fi,n.i,tt: ditrt.t:rt,si.orr,a,l syt,cr:s is the surallest
set rrf lra,rtial mqls ./ :Yy C Xk -- 4n (lc,rn, e IN11), rxrnti'litring lrrusic ûraps over A and
sttr,llle lly rxunposition, jrutnposition, llrirnitive ret:rrrsirnr aurl nrinirturlization.

R.ernnrl:. If we cornpare the BSS-therrry over the r:orrntalrle ûngZL with T\tringç's one,
we can pnrve [Bhun-ShrrlrSrnale-19t3t), Ceolir,-lf].911] thtrt the set of recttrsive maps in the
serrse of Turing's theory <:oiucide with the se.t, Pfi* of ret:ursive uraps in the seuse nf
BSS-theru'y.

[  - I  i f  y < ( l
s ' i t 1 t t . :  A -  A :  I -  4  0  i l '  u : ( )

I I otherrvise
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Theorern 4.1 [Bhrrn-Slmb-Srnnle-1989] If C;* is the set of pu"rtiril mups lrctween fi-
n,ite. dhn,e:nsiorut,l, s1xt,t:e.s u,ni corn.pu,tnll,e ouer A ln1 u, f"'ni,te dùn,ensionol ntucltine, then

cÂ* : Pî* '

R.em,u,r'k:. Let' Cftfr læ the set of partial maps between finite dimensional spaces, com-
putal-rle over / by rrn infinite dimensional mar*rine. Since a finite climensional machine is
eqttivtrlent to trn infinite clirnensiorral one, we htr,ve the inclusion CÂ* C Ca<fl, which is, in
frrt:f , trn eryuality [Bhrnt-Slnrb-Smale-1.989, Miclrux- 1989].

5 Halting Sets and Output Sets

A strlrset S rf Ak (l; e lN11 U {oo}) is a lnsir: sennio,lgelmûr: set ouer Aif ft is the set
of eletnetrts of .,4e whi<,h satisfy a fitrite systern of Polvrxruritr,l inecFralities over A; it is a
sun.i,n,lt1dnn.i,c st't ottt:r' A if it is the firrite uniorr of biusic sernialgeltraic sets over -A.

Let, M lre a trtru:hitte over/. lt y e Qy, we rlenote 7(37) the ptrth followerl in the graph
of t1.1 rhrring its au4nrtatiorr ou U. If C € {1,...,If}t (7 e IN11), we denote V6 the set of
ir4rrtts 't1 <>f dly such tlrat lfu) : (. Tlnrs

o,rz: U U vt.
1€tNo {Ç{1 , , . . ,1y } r

Proposition 5.1- [Bhrrn-Slutb-Surtrle-19891 If M i,.s rt,'rrt.ttclt,irt.t:. oue.r A, then utchVg
(( e {1,. . . , N}1, ? e lNr,/ is rt sernùtlgelnnic set ouer A (lnnic if th,e muqts ut computution
node.s ulv 7tol11rr,ort,ùil) u.nrl gy rcstrir:teil to Vq is u, rttio'n,u,I nnp. Moreouer', uithorû los.s
of gen,c:nt,li,t11, th.e: ilttornirtnior of th,i.s mrt7t utrt" lrc: rutsu,ùt,eil to wnr,ish, nowhere onV6.

Corollary 5.2 [Bhrur-Slrttl>Surrrle-19891 Any o,u:e.pilt,hk: set ouer A is o cormtaltle u-
rt,ittrt, o,f lxt,si,c scnn,ittl,qeltntic sets oue:r A.

Proposition 5.3 An.'11 sern.ùt,kplnrù,r: se,t ouer A i,s rtc:t:eTttttlile ouer A.

Proposition 5.4 [l4ercier'-1989] All, utu,rr,tu,hk: u,rt,i,rtrt,s of lxni,c sem.i,o,lgelmtic sets ol,er
El, ulr: NOT o,ur:Tttrt,hlc: orr:r']R..

Proposition 5.5 [Midraux-1990] fut:y I'INITELY genc:nt,ttrl, untntnlile tntion of serni-
ul,q r') nt t,i,c s r:t s ou e:r' Ei, i,s u, t:r:e1i,t t,l tle ow,:r' [1,.

Proposition 5.6 [l\4it:lrarrx-1990] A rnun,l,n,hle: u,n,i,orr, of lm.sir: .seniu,Igelmtic sets ouer
[\. i..s tr.t:ct4ttrt,ltl.e ouer$i. i,f u,rul only iJ th.t: st,t of rrutl mfficic:nts uh.iclt, o,ppar irr. th,e defirûng
i.n.c4rtn,liti,es (of th.e lnsic sem.inltlt'hntir: sû,s) l,i,e i,n. t, fr,ni,tril,y gr:n.enttal sulning of 8,..

ht pa,rti<riltu' [Crrcker-1992], trny srrlrset of Z lrerxlrrres deci<lalrle over IR, an(l a"rry ftrnc-
tiorr firln IN to IN is rur4rutallle over I[1..

TIrc ou,t4nt.t set o.f u, rrutt:ltirt,c: M ouer.A is the sulrset Vv(lu) of its outprrt spzrce. It
is t:lertr that trtty hirlting set Oy of tr rnti,chiue ,4,1 is the lrllting trrxl outprrt set of another
ttrilchine M' olltirinerl lly tlte irxtap<lsiticnr of a rntchine cornputing identity and of M. In
firct, we lrave t <'ltrlriu'terization of sulrrings of lll. f<rr whic,h the haltirrg and output sets
t:oitrr:i<le.
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Theorem 5.7 fSrrint .lrrres-If)9,"-r] A sultrirt,tl A o.f I[l
st:ts i,s a1tut,l, to th,e: r:lrt,ss o.f ut,t1ru,t st:t,.s i,l' n.rti, trn,l,u i.f ut.r:

(i,) A i,s rt, r'tLt,l, dnsal. .fit:hl,:

(i,i) A is of ,firi,tr: tnt,rt.srtrrtiltn,ce: rl,egrct: (ouc:r'\)) u,ui, it
Dul,el;in,l, rnt,t,s oJ tn,c:rn,lters of u, tnt,nsu:rtdc:rt,u: lxtsr:

i,s su,r:h, tlut,t. th,e ckt,ss of h,u,ltirr,g
o.l' tl rr : .f o l, Lo t u i,rr, 1t co ni,i.t i. o r t,s h, o h l,.s :

is tt, rr:au'sittr: r'i,n,g re.kt,tiue to th,e
oJ' A ouer \).

Proposition 5.8 [Bhun-Slnrl>Srntrle-19891 Ouer u. reu,l t:l,osrrl, Jt,elil,, th,e: drt,.s.s of lta,ltin.g
st:l.s is a1uril. to t.lt.t: clns.s tt.[ ou.l4ttt.t. st,l..s.

6 Undecidable Sets

Proposition 6.1 [Bhrrn-Srntrle-1.9913] An:y tt.l,gr')nt,ic rr,u,rrt.lte:r rirr,g A (i.e. u, t'i,rt,ite uI'
tIt ' ]nu,i,t:c:t:t,r.n.sitttt 'o,|,T,)hu,stt,stLltsr:tuit ' i ,t: l t ' i ,s,f l 'st,.tntl,tt '
ltt.rt,qutulr: .ftn' orrktrtl, ritttls) ltu,t u,rtrl'u:i.drt,hlt: rnrr A.

Proposition 6.2 [(leoltr-1!l1lt] Any xLlts,T. o.l'El. rl,ttlsr: itt, IFl, tt,rt,l. uitlt. un1tt.y

i,s tt,rti,r'.r.ii,u.ltlr: orr:r' I[i..

Corollary 6.3 [(:eola-igllit) Tlt.r: st:t \) o.l' rrt,l,irrut,l rr.u,rnltt:r'.c is u,ni,et:idrt,ltl,c: ortt:t'IF..

Rttrut,r'(,:. Tlie set ()is herr,,r, iilt exinnl)l(', of iitt itrrr-lpttilrle set u4rirh is rrot <lec:irltrble.

Otlrer exrurqrl:s of t,lris tvpe are giverr lx' I,lv', Ou,rt,t,rtr AI'itlt],k: tlt,itd srt att<l the trxtrlllerttetrt

of sottte,Iu, l , i r t ,  st: ts [Bhrrn-SlnrlrSrrrrr le- l1)tt1)].

A t/u: isi .urL ynti l t l , t : tr t .  orr(r '  A is ir  l l i i i r '  ( l ' .  1' ' )  srtch thit t  \ ' '  C Y C Ak (L'e n,, u {oo}).
I t  is r lecir l t i l r le i l  the clrruiu' terist ic 1iurct iou of ) ' ' l  ovet Y- is t 'otrtprtt tr lr i tr  ovcr ' ,4.

Tltr lur,l,t,i,n,q l,r:r:i,sittrr, yrrililr:rrr, (H P,II P')

\ [  tntt . t : l t . i . r t . t :  outt Al

. . . l l*) e{)71 tt t i ! . \ t ,  Ak tt ,s ir t ,ytt , t  s1tu,u: o.f  A'[ l

Computability of a Map and Decidability of its Graph

Over tr ring ,4, t.lte qntllt, of er tttiip ,f : )' C a* + Attt (À:. rn e N0 U {oo}) is the srtbset

ol A* x,4"' <lefitre<l lry

Ç r :  I ( t t . , l l t t ) )  e  , 4 t  x  A " '  : 1 1  e \ ' \ '

\Ve point here rr rnajor rliflèrence betlr,een the cliussical tuotiel turd tlte rnorlel of Blutn,

Shrrlr turrl Srutr.le. hr the first or)(j, \ve hir,ve flervis-I'tlltuiitrtitriou-198l] the e<privtr"lence

lretrveen the corrrprrtirllilitv of ir nral) .f rru<l tlre rlecirLrlrility of its gritph Ç1. ln the latter
one, tlre r:ornputtrlrility of f still intplit:s the rlecitlir,lrilttv oI Çt lnrt the (:ollvet'se <leperrrls

on the ring. It is firlse ovt:r IFi, lrut trtte ovel iuly rrlgelxaictrllv t'krse<l fielrl.

Theorem 6.4 [\'k"er--\,lit'lrrrrrx- I 9!)7]
d,e.fitt.ul, lt'u

f  
, ,  { (1 : ( l \1 ) ,y )  €  A-  x  A-

\
I  n  f '  { ( ( : ( .1 / ) .  t t )  €  I I  f '  :  1 r1 , .

i,s r t,r t.r L u :idr t,l t l,r:.
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Proposition 7.1 [Ceoltr,-Let:ourte-1997] IJ u, nrty f : A*
unn,ynt,fur"hl,r: orr:r' A, th,r:n, its gnt,yth,Çy i,s l,er:i,ilu"ltlt: ouc:r'4.

Lemma 7.2 [Ceolrr-Il)95] I,f rt, turt,r:tiort. f :Y c R, + Ill,
u,n,11 su.lnet Y' of Y , uti,l,h, n.on ert1tfi1 irt.terittr', uxtttr,irl.s rt
wh,idt. .f i.q nt,ti.orull.

- A'n (l<:,rrr. € lN11 U {oo}) i,s

is rrnrt4ntfuthle ouer R., th,ert
no'n enptll o?en ùû,en,Q,I on

hr tr,nrodel ol rrlul>rrtirtiou <lver l[1., ckrse to BSS-one [Hernrtru-Isarrl-1970], it is men-
tiotnrerl tlrat the s(llrare rrxrt is not rronrlxrttrlrle llttt htm a rlecidallle grqlh. lTsing Sttum's
theorern [.ltrrrolrsou-1974], this exiulrl)le (riul l)e gtneralize<t irs f()llows.

Proposition 7.3 [( ieolrr-l995] Rn' t'rtcJt. rt, ] 2, dt'.!i,ne th,r: .functiorr,,f,, : IR."+r * R, ù'Y

'f"("nt'" '  '(t") :

| 
'i.n f \t € lll : rr,11 + a rt + . . . I tt,,.t" : 0l i,f ,,.,, + u,i I . . . | {tr,,t;' hns u, rwtl, zent

I tl otltr:rtnisr:.

Eut:lt,.ftt,n.t:tion f ,, i.s rt,ol, rrtrrt,Ttttilt,ltk: rntrr'1[\, lrut luts tt, Iu:itht'ltk qnt,ph uuerEl..

In the rest o{ tlris serrl;iorr, the rirrg A is seett iN ir strltctlue rn'hose fitnctir.rns trre the
lrirrtrry sltrrr ,rrvl pr0tht('t rurrl u4rose (r)Dstiults irre eletrtettts of .4. It is i'r,tt u,Igdnv,i,ur,lly
r:losul fi,ehl, if ,4 is rl fierl<l srrc'h tltalt every lr()ll ('()nst.urt polvttotttial in ,4[X] lrtus tr zero irt
A. Qut,rtti,ft,r:r' d,i,trt.irt,u,l.i,trn llleinrs tlrtrt tlrere exists iut eflèctive ptrrt:erlttte srtt'h that, given

ir fortnttltr
tl1:I: 1 . . . t1,.t:, F (t: 1 , . . . , x:, , ll)

rv l rere q1 , . . . ,qr  àue ( lu iur t i f iers in  {V,3}  turr l  .F( : r1. . . . , : t : , , . r7)  is  i r ,  f i rs t - ru '< ler  f<urnt t la
tllkrlving trlrstiurts to rlerx.rte elernents of l. rr,itlxrrtt <|tiurtifiers, otttpttts rur e(llrivir,-
Ient first-orrler' {irrrrrrrlrr (J(7) rvitlrorrt rlrrurti{iers. It is kturrvrt [I(reisel-I(riviue-1967,
Sei<lenlrerg-19541 Ilrrrt sru'h effèr:t ive tlr iurt, if ir:r elituirrirt iorr rrlgrx'ithrns e.xist if .4 is an
irlgelrrtrir.allv ckrserl {it:lrl. \,foreover it is <rleirl tlrirt the tntth of a, fit'st-order riellten(:e
witlrorrt (llriurtifiers t:iur lre testerl lry rr urru'hine itr tlte settse of lJlunt, Slutll rutd Srntrle.
Theref<xe t,he tnrtlt of evr:r'1' first-ot'rlt:t sentell(:r) ()v(:l'.rll tlgt:lrririr:ally closed fiel<l ctr,tr lle
testerl.

The uext r(:slrlt is tnre firr tr ring u'ith irn efli:r'tive rltriurtifier elituitttrtiou irlgorith-
ru; iu pirrticrrlrrr, it lrolrls over tlx-: <nrlere<l ring of tlx: rr:irls [[i.unegru.l9t3!)] trnd ovel' ittl
irlgelrririrrir.lly <:krserl fir:ltl.

Proposition 7.4 [(leolrr-Lerrunte-11)i)7] Let A u, ri,nq ui,tlt, qutt,rr,ti,!i,e:r' tlitn.i,'nrttion, o,nd
A,[ o. rrt.tt,t:lt,irt,( ouer A du,il,i,w1 u, sri,Y C Ak (h: € N{} U l,:rol). Th.cm: c:ri,sts u,n elfectiue

TnortrhLru:utlil,r'h., rlitt:rt,'!l' e Ak' (A/ < lt:) rr,rul,T e N1y,.f,rr.r/-s t.hr:yt,th.s o.f l,c:rr,gt,h,T, folloutul
Iry AI tnr. i,rrlruts of tlt.e: .furtn. Q/ ,'lt') € l' a.s rw:ll, u,s tlx: ktt.rft.lt. klt of the corvu.s1xtnili,rt'g 'gtt .

R.etrtn.r'I:. A rrxue gr:rreral version of the llreviorts resrtlt lxrlrls fiu ir rna<:ltitre M (loûlput-

i r r g t l r ech i l r t r c te r i s t i r : f i u r c t i ouo fY /ove rYw l te reY 'CYc ( .4knOy) (À ;  e INpU ioo ) ) .
In tlris cirse. one sean'hes the prrths {irllowe<l lry.4y' orr iuprtts of the f?rrrn kl','tl") eY'.

R.rtntt,r'1,:. Note thirt in the previc)lrs result. tlre ;r7l/ irre uot rrrtupttteri. It is dcxre in the
uext resrilt tharrks to the algr:lu'ait:rrlly <ùrserhress of A.



Theorem 7.5 [Ceolzl-Letr<nnte-191]71 Ottu tt,rt, o,lt1dtru,i,trt,l,l,y d,osul li'd'd' A, o, rntt,p f :

Ak + Atn (k:,n, € Nrr U {co}) ult,ost: 11'rtt,fit, i.s d'cr:itln,ltl,e i,:; ttrtrt,Tnt,ttt,hl,e.

Corollary 7.6 [Ceola-Lecolnte-1.9971 Our:r' o.rt, o,l,qt']nttiut,ll41 d,oserl fi,eli A, u, cont,-

1nt,tnbl,e bi.'jr:ctittr: rn,u,p f 
'. Ak - A"' (k:,nr. € INo U {oo}/ àas u, c:orrt1ntttt'ble innerse: nrtryt

f - r  _

Basic Notions of Complexity

LetM l rearn l< 'h ineover ' .Aaur lyaui lprr tof  Iu l  . I f  y  €Qrz,  T, l rcht t l , t ingt in t .eTia(g)
o! M on, g is the length of the pnth T(g). F<rr tr,u ir4ltt 'g / Qr,,t , Tu fu) : æ. The h,eigh't

Ir,(!i of u,rt, t:k:rn.en,t'A olT' (res1>ectively Q is log2(l'll +1) (respectively stry(lt'(p),h'(q))

if ,u : plQ with p rrrrcl r7 relatively prirne irrtegers). As for rus the ireight of tr real, it is 1.

The hl:i,ght of u,n, el,rnnt:nt, u o.f Ak (k: e Nl u {oo}) is the .srrp{1.(1li) :'i >- I}.

R1nrutr\:. The heiglrt of an eleruent <rtut lle ittterirrete<l iis l)Iolx)r'tional to the lrlenrolY

nni t r recessarytocrr< le i t .  hrdeed,  <>vetT, , i t isof  t i teotr lerof  theur t rn l rerof  l r i tsret l r i rer l

to repr.eserrt an integer while over q), it is of the otrlet of the ttttutlrer of lrits uece$sal'y

t<t represent the urunerirtor a,url rlenorrriutltor. As firr the heiglrt over'1[1., it ildictrtes thnt

eirlt real is reltresetttalrle with trtt itrfitrite pt'ecisiorl.

The size f (y) of nn elerneut 'u oT A*' (Â: e INly U {oo}) is the lxrrlttr:t of its length lry its

lreiglrt. TIre co.st .fu:nt:tion. Cu('y) of u' rntt,dr'i,nc: M out:r' A ort l,h,e i,n'1nt't 'y is

Clu(tt) : lr'vfu)TvQt)

wlrere /r.y(y) is the nrt,xirmrrn heiglrt of sttr,tes tuet rltttittg the wrrkiug of M o:n'g. A

nralr / :Y C Ak + A1, (k:,rt, € INlU{oo}) is 7xil4rt,utrt. iu,l, l ,u unrtqru,fut,lt le ouer A if i t is

<xrnrpltaltle by ir tntrchine ,4,f over A for whirù there exists ii polvltontirrl fiurction 1.r with

coefficients iu IN sttch tltat

Yu eY : C7aQ1) < p(t.(1t)).

Remtn'k' Itt tlte case of the riug IR' sit'tce c1s(r) : Tu(:ll)' ir rtrt'qr tlefirteti ovel Y c IR*

(Â; g ]N.) polyrxrrnitrllv cornputtr,lrle is in Iar:t coutprrtalrle itt <rottsttrut titrre.

R.emurL:. Besi{e the tirne neederl to corr4rttte, ()lle cirn <:otrsirler', tus itr cltussical the-

ory, the space userl <hu'irrg the cornprrttrtiotr. Etrrt it is irrelevattt since [Mitùarx-1989,
Michalx-19911 there exists iu urriverstrl colstrurt r: sttr,it tlrtrt firr arty decisiort problem

an<l for rrny irqnt, the size of spt'r,t:e trtrlerl to the r:orrt1'rtttettiort is at rnost the size of the

inprrt pftn r:. So this irnplies thtt any rlecision ptrrlrletrr (over iuty ordered ring) can lle

solved in linetrr spacr:. Ihrfortunrrtely the prit:e to l)rw is illt exl)oltentitrl loss of time in the

cnmprrttrticxrs.

Decision Problems in Class P.a

A clecision lxrrlrlern (Y,Y') over' ,4 is irt, c:lnss Pa (l,r:trttrt,irùstir: Polynomitt,l titnc:) if

tlre clra.r'actelistir: filrctiol <f Y'over y is llolvuourially rrorr4xttallle over A.



Theorem 9.1 [Meer-lg}}l If (Y,YI) is u, dt:cision Ttrolilt:rn. ouerR, su,ch, thutYt C
Y C IR, th,en, i,t, i,s i.n ckæs Ps i,f u.ru|, only i,f tlrr:re et:'L,sts u, fini,tc: tt'nion I of intentaLs of R,
sudt. th,e,t

Y ' - Y À 1 .

Corollary 9.2 Decision prolilern,.s (R,n), (R,,q), (R.,[.{) et (Q"7,) ote not in cla.ss
Pp

R,em,a,rl:. We yet knelr that (lR,,Q was even nnt decidable over IR.; as for a.s (n,,D[),
we ciln dedrtce frorn the fnct that it is not in cliuss Pn that the entire part of a positive
real is not polvnomiallv computallle over lR..

L,et F4 (rl e lN) lle the sttbset of .4- of powerfræ r'epre.sentatious of multivariable poly-
ttrrtrrial firnctinlrs over 4 of tlegree at mnst d. The set 4l,o (respectivelv Fa,o,+) is the subset
of F4 of 1>owet'fiee represerrtirtiotrs of lrolyuornirrl frur<:tiorrs htrving a zero (respectively a
zero with positive r:ornp<trrents) iu A.

Proposition 9.3 [ceola-I.995, TI iesch-1990] For u'ry1 d e { 1,2, 3}, th,e decision Tnvb-
len, (F,r., Fa.o) ouer Ef, i,s i'n clo,.s.s Pp.

Decision Problems in Class NPr

A rletrision lrtrrlrletrt (Y.Y') over A is in clrnss N Pn (Norul.e:tc:nn,inistic Polllnomial tim,e)
if there exist tt, rrtat:ltitre ,4.1 whose inprrt spar:e is Afr x AÈ tmrl a, llolynomial ftmction p
rvith trreffir:ients irr IN srx-h tlrat

1_0

v fu , i )  eY  x  Ak  :

V11 e\" ! /  e Ak :

çu0t, ' t t ' )  € {0,1}
çu( ' t t ,1 t ' )  I  e  geYl

g u ( ' t t , u ' ) : 1
Clu0t,'u')

Theorem 10.1 [Oeolrr-19951 An,u i.r:t:ision.7mililtnn. ot,er A in ckrss Pa is in chns
N P e .

Tlrc uxl.e r:(5) of ir rnirtrix 5 e A'- is the ele.urent of A* <ilrttlined lry jrxtaposing its
rliurensions r turrl .s, elernents of its crrhtnurs iul(l iut irrfitrity of zer<l's.

Proposition 10.2 [Bhurr-Slurl>Stuale-lgti9, Ctxrltr-ltlgll Tlt,e: trrntel,lin"g solesnmn tle-
r:isitnt, 1nrilil,un, (TS,T S') ouer El, dr.Ji,n.trl. ltu

( f t {(.s,r:(S)) € IRî: S .sytrlrrlt:tr iuilrrto"tri;r:€ (R+)i,r.€ IN1y,., € IRf,}

I
I f S' {(.s,r:(,S')) € ?S: th,c:rr: et:i.sts u, rutrt, orienturtcil, cinru,hn'Tternnrtu,tionu
I  r -  I

[ 
,/ k:ru1th. r' of {1,. . . ,r'l r.rt,clt, thtt,t, lrSu1i1,(.i+r) + 5',1"y4r; ( s}

i,s i,rt, c:ktss NPp.
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L1 Decision Problems in Class NPCa

A clecisiorr llrolrlern (Y,Y') over'.,4 is rcltt,t:iltk: to the rlet:isiotr problern (Z,Z') over,4 if
thereexiststrrrta.P/ :Y + Z pol.ynorniallvr:oruprrtnlrleoverAsrrchthatî7 € Y/if arrdorily
if f@) € Z'. The decision problern (Z,Z') over,4 is in chns NPCA (Nondeterministic
Pohptorn,iu,l, tùn,e o,rul, Conqtlek:) if it is in class Nla irncl if every decision problem (Y,Y')
in cla.ss NP.a is redrrcible t,o (Z,Z').

Sitrce trtty prolrleru itt class NPl is reducilrle to a pnrllleur in cltuss N PCe, if there exists
a rlecisiott prrrtre<lttre fix'lhis latter, it is trlso valirl for trny problern in cltr.ss NP,a. And
nxtte llret:isely, if there exists ir resolrttion trlgrxithnr whir:h is irnpleruentaltle in polynornial
tirrre firr a lxolrlettt ilt r:lir^ss N PC.4 irud if corupositiou r:onserves the pol.ylourial chiu'acter,
tltetr atty lrrolrlent ilt clil^ss NP.a is lxrlvuouriallv rlecirlrrllle. ht lrther wor'(ls, Pe: NP,q.
Brtt, tql to lx)lv, tr.s in tlre r:lassi<rtrl ruo<lel, it is only rr, t:orriectrue.

Theorem 11.1 [I]hun-Sltrrl>Snrrrlt+1.91t9. Ceolrr-lll9itl For nn41 d ] 4, tlt,t: rk:ci,.si,on
Tnohl.r:rtt. (4r,4r.,,) ouct'[]. is irt, chus NPCç..

R.ettt,tr,t'i.:. Tlte 1lt'eviorts resrtlt is iuriikrgorrs to (ixrk's 1;lreorern trlrout the ll-srr,tisfiallilitv
llrolrlern t4rich is NPCI irr the <rltrssir:irl settirrg,- [(iir.nrv-.lolnsorr-1979]. Here the pror.rf
tr'rttsists of cotttu.:ctitt;; tlre u'orkirrg o{' ir I}SS-rrrirlrirre over .4 t() il systelll of ltolynornitr,l
ine<ltalit ies over,4 sttr-h that t ire rrrrrchiue st,<4rs i i iul(l ()uly if the systern (and so arr
ttssocittte<l llolrrxluiirl Iitrrctirur of pol'erIïr:e rt:1rrt:sr.:ntirtiorr in fl1) hrrs o sohttiorr.

Corollary 11.2 [\leer-199:ll>) Rtt tt.rt,y d, ] 4. thr: d,u:i,siort,7trriltl,r:nt, (F,t,Fa'rr,1) ot,e:r'
E\. i..s i.rt, drt..ss NP(iy1 .

Rsrutt'A:. Sirrce tlre trlgoritlrrrr of Ttuski-Sei<lettlrerg [Sei<lerrlrerg-19514] rrllows us to elirn-
itrirte. over a teirl t 'krstxl f it: lr l, valitr lr les of rlpol.ytxlrt iall s.ysterrr. it solves (Fa.,Fa.,") (rI> 4)
irttt l  so rlecisiott l lrolrletrts itr r:Luss,VfTr ir le t lt:r: ir itr lrk:; tr()le()vel they are derridall le in
sittg-le exlrotteutitrl titrte [F3hurr-Slnrl>Srrrirle-l!)ftf)]. Iip to rrou-. lx) ()rre lrtr-s lxoverl tlrtrt
this i i lgorithrrr is lxrlvruurrit l lv irnll lernenttt lr le. If i t is (or if t lrcre exists one), the r:lt ' lss
Pç1 arltl Nf'61 r:oitlt'irlr: sittce iu this pt'ecise ('irse, (:ornlx)sitiott rrrtrserves the lrolvnotniirl
t'lttritt:t,er. TIre next resull r:ltirru'tet'izt:s rings ,4 firr rvhiclr tlecisiorr prolrlerns iu dtrss NP3
ilre <leci<litlrle. The rirrg,4 is setrt irs rr sttttctute n'lurse ftur<'l iorrs rrre the lrintr,ry srtrn anrl

lurrrlttrrt iul(l wll()se cottstiittts irre eletnetrts of ,4.

Theorem 11.3 [(irxxle-1994] Du:i,si,lrt, yniltktrn ouu'A irt, chns NP1 il.r'r: decid,u.lile
i.fulti'ort'lyi,fAullln,i,t',st:,ffecti'uc:qtttt,n,t,i,fit'rt:liln,i,rtlt.ti,tn'

Theorem Ll-.4 [Bhurr-Slnrl>Sur,ile.-19t31), SInrl>Srlale-1997] 71,,r, |'t'lt' Hi,lltert's Null-
stcll.e:'n.sutz du:ision 1u'ollttn. (HIfÀ, HN') (k: € N6) ùù(r' (r'tt. u.k1dmt"i,utl,h1 c:Iosul fie:kl A
dr:fi,rt,eil, br1

{  nwn  { (PFn( . / r ) , . . . . [ ' FR( t , . ) )  e  y ' -  ,  T r , . . . , , f , ( r  e  n \n )  T tohpx r t rùu l f im r : t i ons

| ,"rt A o.f A: tulriulilt:s u,rul dtlyrr: dr,. .. ,d,. r:s7xr:tiuel'y\
{
I

I  HNI :  {(a ' f ,R(. /1), . . . ,F,FR.(T,.))  e A^n:t l t . rnr:r : t : i .sts.ue Ak su.c: l t , t lut t foro,t l

[  ,  €  { 1 . . . . . r }  :  . l l ( ' u )  :  t t }

is irr, c:kt,ss NPCIA.
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Rlnnnrl:. It is ir geuerrrl firr:t tlrtr,t the Hilllert's Nrrllstdlenstrtz rlecisiorr prol)leln is not
itt t:liuss Pa if ruxl only if r:lrlsses P,4 tllld NP,a ir,re <liflèreut. I\{rx'e preciselv, over A: Q,
the lrclonging of this prolrlern to r:ltuss Pc is a ()ujecture which ctr,n lte redrrced tcl the
irlgtllriric lxrrlrletu of firxliug- the "hirrrluess to <rrrr4rrrte" the setlre.rrce (*!)rcw of intelçen

[Slrrrf >Srnrlle-1997]. This is irrteresting lrecarrse it rrurrlrines rr prolrlem frorn mrmber theory
witlr tlre Pa + N Pa rlrestion.

t2 Conclusions

This lrreserrtiltion is lir,r rrwry frrrrn to lre ttruplete. Frrr rnore resttlts trncl references,
yolt (rrul crrtrsttlt the rerrerrt srrrvey ol l\{eer turrl N{itùiuu [Meer-Micharx-1997], in pa,r-
tiutltr,r fïrr sePirrrr,tiotr results, krrver lrrxtttrls arrd rles<rrilltive rnrnplexity therrv. Let's

lroittt otrt vtuiitt,iotts trllorrt the lrasir: rlefiuitiorr of rrrtrtrhilles it^s rxklitive zul(l liuea.r mir-
chitres [Iioirau-11)!]4. \{eer-19.92, \{eer-l99l3lr] or irs rntt<'ltitres lxrrf<rnning trigotrometric
fiurctirnrs [1\4eer.19!):3rr,]. Arxrther vru'iaut rrnsists of rrsilg a rliff'erent (rnaylrc rnore rerrl-
istir:) <rost rreâliirrre flioirrur-11,]l]i3]. 1\Itulrirres iru'hrriirrg rounrl-off errrrrs arrd q4rrcrxinrrrte
solutir.urs rx' prolrirlrilistirr {êattues slxlrlrl lre exiuuitu.l<l crur:fitllv [I3hun-Sllrrl>Srntrle-1989].
Arxl f irrt l l ly let's stress orr the f<u'th<rrtrri lrg lrrxrk of Blrurr. ()rrcker, Sllr ' lr iur(l Srnir. le

IBhrur-Cru:ker-Slul pSr r r:rlt r l1)!)7].
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